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Logic and Computation II� �
• Part 4. Formal arithmetic and Gödel’s incompleteness theorems

• Part 5. Automata on infinite objects

• Part 6. Recursion-theoretic hierarchies

• Part 7. Admissible ordinals and second order arithmetic� �
Part 7. Schedule� �
• May 18, (1) KP set theory I

• May 23, (2) KP set theory II

• May 25, (3) α recursion theory

• May 30, (4) Recursively large ordinals I

• Jun. 1, (5) Recursively large ordinals II

• Jun. 6, (6) Second-order arithmetic and reverse mathematics� �
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Recap
• T ⊂ ω

⌣ω is said to be a tree if it is closed under initial segment, i.e.

∀s ∈ T ∀t(t ⊂ s→ t ∈ T ).

• A path P through T is a subtree with no branching, i.e., ∀s, t ∈ P (t ⊂ s ∨ s ⊂ t).

• We consider a partial order ≤ on ω⌣ω, defined by t ≤ s⇔ s ⊆ t. Then, in a tree, an
infinite path ∅ = s0 ⊂ s1 ⊂ s2 ⊂ · · · is an infinite descending sequence. A tree with
no infinite paths is said to be well-founded.

Theorem

A tree T is well-founded ⇐⇒ there exists an ordinal number σ and a function
f : T → σ + 1 such that f is order-preserving (s ⊊ t⇔ t < s⇔ f(t) < f(s)).

• Such an order-preserving function f is denoted as f : T
o.p.−−→ σ + 1 or T

f−→ σ + 1.

• The height of T is the smallest ordinal number σ such that there exists

f : T
o.p.−−→ σ + 1, represented by ||T ||.
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Corollary

||S|| ≤ ||T || is Σ1
1.

If T is a well-founded tree, then {S : ||S|| ≤ ||T ||} is ∆1
1.

• A tree T ⊂ ω
⌣(2ω) consisting of a finite sequence of ordered pairs of natural numbers is

called a tree of pairs.

• It can also be viewed as a set of pairs of sequences s, t of the same length.

• Define the set of paths in a tree T of pairs

[T ] := {(ξ, η) ∈ 2(ωω) : ∀m(ξ ↾m, η ↾m) ∈ T}.

Corollary

For any Σ1
1 formula φ(ξ) there exists a primitive recursive pair-tree T such that

φ(ξ) ⇔ T ξ ̸∈ WF,

where T ξ := {t ∈ ω
⌣ω : (ξ ↾ leng(t), t) ∈ T}.

4 / 19



Logic and
Computation

K. Tanaka

Recap

Introduction
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Kondo’s theorem
The final topic in this part is Kondo’s theorem (1938). This result was appreciated by von
Neumann and Gödel in their personal correspondence.
Kondo’s original proof was very difficult, but Addison used Kleene’s hierarchy to
reformulate the statement and gave a concise proof.

Theorem (Addison’s uniformization theorem)

If A ⊂ ωω × ωω is a Π1
1 relation, then there exists a Π1

1 function F ⊂ A with the same
domain, i.e., ∃ηA(ξ, η) ↔ ξ ∈ domF . Such an F is said to unifomize A.
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Lévi hierarchy

Separation and
collection

KP

Σ reflection

Proof(1/3).

• Let A ⊂ ωω × ωω be a Π1
1 relation. Then there exists a computable tree T such that

(ξ, η) ∈ A↔ ∀γ∃n(ξ ↾n, η ↾n, γ ↾n) ̸∈ T ↔ T ξ,η ∈ WF.

• For finite sequences s, t,∈ nω, we define the following finite tree

T s,t := {u < n : (s↾ leng(u), t↾ leng(u), u) ∈ T}.

We here note that a finite sequence u is identified with its natural number code. We
may assume that leng(u) ≤ u(< n), and so s↾ leng(u) and t↾ leng(u) are well-defined.

• Then the following are obvious.

T ξ,η ∩ n = T ξ↾n,η↾n, T ξ,η =
⋃
n<ω

T ξ↾n,η↾n.
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Lévi hierarchy

Separation and
collection

KP

Σ reflection

Proof(2/3).

• Next, we define a relation R(s, t, v) which holds iff there exists n s.t. s, t ∈ nω and
v ∈ n(ωCK

1 ) is an order-preserving function on T s,t and takes value 0 on the outside.
So far, we do not claim that R(s, t, v) is recursive, since it includes ωCK

1 .
Now we have

(ξ, η) ∈ A ↔ T ξ,η ∈ WF ↔ ∃f : T ξ,η o.p.−−→ ωCK
1

↔ ∃f∀nf ↾n : T ξ↾n,η↾n o.p.−−→ ωCK
1

↔ ∃f∀nR(ξ ↾n, η ↾n, f ↾n).

• Fix a ξ and suppose that Rξ has multiple paths (η, γ), i.e., ∀nR(ξ ↾n, η ↾n, γ ↾n).

• The key point of the proof is how to select η = F (ξ) such that (ξ, η) ∈ A. We first
select the leftmost path η0 such that Rξ(η0, γ) for some γ. Then, select the leftmost
path γ0 such that Rξ(η0, γ0). Noticing that η0 is still the leftmost path η such that
Rξ(η, γ0), we can show F is Π1

1.

• Thus, F uniformizes A.
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Proof(3/3).

• Next we show F is Π1
1. Assume F (ξ) = η. Since (ξ, η) ∈ A, a function

f : T ξ,η o.p.−−→ ωCK
1 exists. Without loss of generality, we may assume

f(u) = ||T ξ,η
u || if u ∈ T ξ,η,

f(u) = ||T ξ,η
u || = 0, otherwise.

• Then f is ∆1
1 in ξ, η, and it is the leftmost such that R(ξ, η, f).

• Finally, the selection of the leftmost path η is expressed as follows:

F (ξ) = η ⇔ T ξ,η ∈ WF∧
∀η′∀n{[η ↾n = η′ ↾n ∧ ∀k < n||T ξ,η

k || = ||T ξ,η′

k ||]
→ [η(n) < η′(n) ∨ (η(n) = η′(n) ∧ ||T ξ,η

n || ≤ ||T ξ,η′

n ||)]}.

□

Corollary (Kondo)

A Π∼
1
1 set A ⊂ ωω × ωω can be uniformized (by a Π∼

1
1 function ).
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Homework� �
For two Σ1

1 sets A and B that A∩B = ∅ in Baire spaces, show that there exists a ∆1
1

set C that separates them, i.e., A ⊂ C ∧B ∩ C = ∅.� �
Homework� �
(1) Show that there is a Σ1

1 set that cannot be uniformized.
(2) Show that the Σ1

2 set can be uniformized (by the Σ1
2 function).� �

Further Reading� �
• H. Rogers, Theory of Recursive Functions and Effective Computability, The MIT
Press, 5th edition, 1987� �
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Introduction

• KP set theory, introduced by Kripke and Platek, is a generalization of
Kreisel and Sacks’ recursion theory on ωCK

1 (meta-recursion theory).

• It is an extension to the theory of computational structures or
constructive properties on arbitrary ordinals and sets.

• The sets subject to the theory are called admissible sets, and the KP
set theory that describes the world is obtained from the well-known
Zermelo-Frenkel set theory (ZF set theory) by removing non-constructive
axioms.

• In other words, KP removes the axiom of infinity and power set axioms
from ZF, and further restricts the separation axiom schema and
replacement axiom schema to logical expressions whose quantifiers are
bounded.

• Without the axiom of infinity, we can only guarantee the existence of a
finite set, so KPω with an axiom of infinity is often used.

S. Kripke

R. Platek

16 Le Scienze 560 aprile 2015

Il matematico impertinente

di Piergiorgio Odifreddi
professore ordinario di logica matematica all’Università di Torino  

e visiting professor alla Cornell University di Ithaca (New York)
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Un ricordo di Georg Kreisel
Scomparso un mese fa, ebbe un grande influsso sulla logica matematica 

I l 1° marzo è morto a Salisburgo Georg Kreisel, «il miglior 
filosofo che fosse anche un matematico». Se il giudizio 
può sembrare apodittico, non va comunque preso con 
leggerezza: è infatti di Ludwig Wittgenstein e fu emes-
so nel lontano 1944, quando Kreisel aveva solo 21 anni. 

Benché austriaco, Kreisel era emigrato in Inghilterra per le sue 
origini ebree, e durante la guerra aveva lavorato all’Ammiraglia-
to. In quel periodo divise la camera con un collega, che divenne 
poi uno dei pochi amici che mantenne per tutta la vita: si chia-
mava Francis Crick, e nel 1953 avrebbe vinto il Nobel per la sco-
perta della struttura del DNA. Kreisel è citato un paio di volte nel 
libro di James Watson La dop-
pia elica (pubblicato in Italia 
da Garzanti) , che lo descrive 
come colui al quale Crick si ri-
volgeva quando era in diffi-
coltà matematiche, e come un 
uomo che non sopportava lo 
small talk. 

Non è dunque un caso che 
abbia cercato, e ovviamente 
trovato, la compagnia dei «ric-
chi e famosi»: compresi i mi-
liardari come gli Agnelli e le 
attrici come Brigitte Bardot. E 
non stupisce anche che abbia 
alimentato, passivamente e at-
tivamente, innumerevoli gos-
sip tra i matematici, avvezzi a 
frequentare tutt’altri ambienti, 
o a non frequentarne nessuno.

Fin da studente a Cambrid-
ge il giovane «matematico-fi-
losofo» divenne il confidente 
di Wittgenstein, che nelle sue 
passeggiate testava su di lui le 
teorie poi pubblicate in Zettel e in altri libri postumi. In quel pe-
riodo fu anche amico di un altro enfant terrible, Freeman Dyson, 
al quale finì col rubare la moglie, che in seguito presentava po-
co signorilmente come: «Mia moglie, la signora Dyson». Sempre a 
Cambridge conobbe bene la scrittrice Iris Murdoch, che gli dedi-
cò poi un libro e lo prese a modello per il protagonista di un altro.

In un biennio passato a Parigi nei primi anni sessanta, Krei-
sel frequentò Raymond Queneau, che viene citato come edi-
tor nell’introduzione del suo libro Elementi di logica matemati-
ca, scritto con Jean-Louis Krivine. La cosa non stupisce, visto che 
l’Oulipo fondato dallo stesso Queneau mirava appunto a far col-
laborare letterati e matematici, anche se di solito la collaborazio-

ne avveniva nella direzione opposta a quella sfruttata da Kreisel. 
Quando approdò negli Stati Uniti divenne professore a 

Stanford, ma era di casa all’Institute for Advanced Study di Prin-
ceton, dove divenne questa volta confidente di Gödel. Sfruttando-
ne la comune origine austriaca e la chiusura caratteriale, Kreisel si 
assunse l’onore e l’onere di fungere da «messaggero» tra i comuni 
mortali della divinità logica del Novecento. E il suo necrologio di 
Gödel per la Royal Society, di cui erano entrambi membri, rimane 
un capolavoro di esposizione dei risultati di quest’ultimo.

Ma al di là dei pettegolezzi generati dalle sue frequentazioni 
inusuali, e della mitologia alimentata dalla sua amicizia e dalle 

sue conversazioni con Wittgen-
stein e Gödel, Kreisel ebbe un 
grande influsso sulla logica ma-
tematica. Anche se amava es-
sere e rimanere oscuro, con la 
scusa che «la chiarezza è una di-
strazione»: una frase che un fa-
moso logico, seccato dalle pro-
vocazioni di Kreisel, una volta 
gli consigliò di conservare co-
me epitaffio. 

Che però ci fosse qualco-
sa di vero in essa lo dimostrò lo 
stesso Kreisel con il suo unwin-
ding program, ovvero un «pro-
gramma di srotolamento», che 
consisteva nel prendere dimo-
strazioni classiche, dunque ap-
parentemente «chiare», e nell’e-
strarre da esse informazioni 
costruttive nascoste. Ma per po-
terlo fare bisognava sporcarsi 
le mani con l’alta matematica, 
e pochi riuscirono a superare il 
lavoro che egli stesso fece, ana-

lizzando per esempio la soluzione di Artin del diciassettesimo pro-
blema di Hilbert. 

A un livello più elementare, a prima vista la dimostrazione 
dell’esistenza di infiniti numeri primi di Euclide è diretta e co-
struttiva: dato un numero finito di numeri primi, fornisce esplici-
tamente un limite al prossimo. La dimostrazione di Eulero, inve-
ce, è indiretta e classica, e si basa sull’apparentemente irrilevante 
divergenza della serie armonica. Eppure, se opportunamente «sro-
tolata», fornisce limiti migliori e più efficienti della precedente. A 
riprova del fatto che, come Kreisel ci ha insegnato, se non ci ac-
contentiamo di quello che ci piace a priori possiamo trovare a po-
steriori qualcosa che ci piace di più. 

Oltre la filosofia. Kreisel a una conferenza. Di lui Wittgenstein 
disse che era il miglior filosofo che fosse anche un matematico.

G. Kreisel

G.E. Sacks
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To state precisely the axioms of KP set theory, we first define a hierarchy of
formulas in set theory. Both KP and ZF are first-order theories in the language
consisting only of relational symbol ∈, and various set concepts are introduced
by definition.
A set theory hierarchy, called the Lévi hierarchy, is introduced by imitating
the arithmetic hierarchy. Azriel Lévy

Since the same symbols Σn and Πn are used for both the hierarchies, we will always use
Σ0

n and Π0
n for the arithmetic hierarchy from now on. i

Definition (Lévy hierarchy)

• Σ0(= Π0 = ∆0) formula: all quantifiers are bounded, i.e., ∃x ∈ y,∀x ∈ y.

• A Σn+1 formula is in the form of ∃xφ with φ a Πn formula. A Πn+1 formula is in the
form of ∀xφ with φ a Σn formula.

• A ∆n formula is a Πn formula that is equivalent to Σn or a Σn formula that is
equivalent to a Πn formula.

iSet theory also handles second-order hierarchy Σ1
n or Π1

n sometimes. In such a case, Levy’s hierarchy
may be expressed as Σ0

n or Π0
n.
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Definition

For a set Γ of formulas, the axioms of Γ-separation and Γ-collection are defined as
follows.

Γ-Sep : ∀x∃y∀z(z ∈ y ↔ z ∈ x ∧ φ(z)) for any φ(z) ∈ Γ.
Γ-Coll : ∀x(∀y∈x∃zφ(z) → ∃u∀y∈x∃z∈uφ(z)) for any φ(z) ∈ Γ.

• The axiom of Γ-separation asserts the existence of set y = {z ∈ x : φ(z)}. From this,
it is easy to see that for any set a, b, there exists an intersection of them

a ∩ b = {x ∈ a : x ∈ b}.

• The axiom of Γ-collection can be regarded as a weak version of the axiom of
replacement, but it is often treated as a kind of reflection principle, which will be
discussed later.
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Definition (Axioms of KP)

KP is a first-order theory of the language with only relational symbols ∈, and consists of
the following axioms.

KP := axiom of extensionality : ∀z(z ∈ x↔ z ∈ y) → x = y

+ axiom of pairing : ∀x∀y∃z(x ∈ z ∧ y ∈ z)

+ axiom of union : ∀w∃z∀x∀y(x ∈ y ∧ y ∈ w → x ∈ z)

+ axiom of empty set : ∃y∀x(x ̸∈ y)

+ ∆0-Sep + ∆0-Coll

+ axiom of foundation : ∀x[∀y∈xφ(y) → φ(x)] → ∀xφ(x).

KPω := KP+axiom of infinity : ∃x{0 ∈ x ∧ ∀y ∈ x(y ∪ {y} ∈ x)}.
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• The axiom of pairing asserts the existence of a set z such that {x, y} ⊂ z. Then, by
using ∆0-Sep, there exists

pair{x, y} := {w ∈ z : w = x ∨ w = y}.

The uniqueness of this set follows from the axiom of extensionality.

• The axiom of union asserts that there exists a set z such that

∪w := {x : ∃y(x ∈ y ∧ y ∈ w)} ⊂ z.

Using ∆0-Sep and the axiom of extensionality, union ∪w uniquely exists.

• ZF is KPω + power set ∀x∃z∀y(y ⊂ x→ y ∈ z) + axiom of unrestricted separation
and collection (or replacement).

• For ZF, the axiom of regularity: x ̸= ∅ → ∃y ∈ x(y ∩ x = ∅) is often used instead of
the axiom of foundation. Note that the axiom of regularity is equivalent to the axiom
of foundation for quantifier-free φ(x), but also equivalent to the unrestricted
foundation with help of the unrestricted separation.
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Σ reflection

Lemma (1)

“The Σ1 formulas are closed under bounded quantifiers” is provable in KP. The consecutive
unbounded quantifiers in front of a Σ1 formula (a Π1 formula) can be combined into one.

Proof.

• The essential step in the first half is

∀x∈y∃zφ↔ ∃u∀x∈y∃z∈uφ (φ ∈ ∆0),

which is obvious from ∆0-Coll.

• For the second half, we can use the axiom of pairing to combine the consecutive
unbounded quatifiers of the same kind into one as follows

∃x∃yφ↔ ∃u∃x∈u∃y∈uφ.

□
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Lévi hierarchy

Separation and
collection

KP

Σ reflection

• Let Σ denote the smallest class of formulas containing Σ1 formulas and is closed
under ∧, ∨, ∃x∈y, ∀x∈y, ∃x.

• Lemma (1) shows that in KP, the classes Σ and Σ1 are essentially the same. One of
Platek’s original axioms of KP is Σ reflection principle, stating that any Σ formula φ
is equivalent to a special Σ1 formula ∃uφu, where φu is obtained from φ by replacing
all unbounded quantifiers ∃x, ∀x with ∃x∈u and ∀x∈u, respectively.

• Also, φu is often denoted as u |= φ, though free variables of φ may not be evaluated
by elements of u.

Theorem (Σ reflection principle)

KP ⊢ φ↔ ∃uφu for any φ ∈ Σ.

• First, note that for a Σ formula φ, KP proves φu ∧ u ⊂ v → φv. This can be shown
by induction on the construction of formulas. Since only the difference between φu

and φv is that ∃x ∈ u in φu is changed to ∃x ∈ v in φv. Obviously, the key induction
step ∃x ∈ uθu ∧ u ⊂ v → ∃x ∈ vθv holds.
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Proof.

• By induction on the construction of formula φ.

• We may consider the following induction steps.
• The case φ = ∀x∈yψ:
By the induction hypothesis ψ ↔ ∃vψv, so
φ↔ ∀x∈y∃vψv ↔ ∃w∀x∈y∃v∈wψv holds in KP.
Let u = ∪w. v ∈ w means v ⊂ u. So ∃w∀x∈y∃v∈wψv → ∃u∀x∈yψu.
On the other hand, ∃u∀x∈yψu → ∀x∈y∃vψv is obvious, so φ↔ ∃uφu.

• The case φ = ∃xψ:
By the induction hypothesis, ψ ↔ ∃vψv, so if we set u = v ∪ {x} ,
∃xψ → ∃u∃x∈uψu.
Conversely, ∃u∃x∈uψu → ∃x∃uψu → ∃xψ. □

18 / 19



Logic and
Computation

K. Tanaka

Recap

Introduction
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