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® PA™ is the theory of discrete ordered semirings.
e [X,, is PA™+ induction for X,, formulas. PA D IX; D 1¥7 D IOpen D PA™ D Q..

Theorem (Overspill principle)

Let 2 be any non-standard model of I¥,,, and ¢(x) be any ¥,, formula. If A4 = ¢(4)
holds for infinitely many i € N, then there exists a ¢ N such that 24 = ¢(a).

® A type O(Z) is a type of a theory T if T'U ®(&) (C new constants) is consistent.
That is, there exists a model of T that realizes ®(Z).

® Atypeon C C Ain 2 is a type of theory Th(2(¢).

e A type ®(¥) is a principal type of theory T, if there exists a formula () such that
T U {32y (Z)} is consistent, and for any ¢(Z) € ®(Z), T + VZ(¢P(Z) — ¢()).

Theorem (The omitting type theorem)

Let 7' be a consistent theory in a countable language £. Given countably many non-
principal types ®;(#;) of T, then there is a countable model of T' that omits all ®;.

® A countable model of Peano arithmetic PA has a proper elementary end-extension.
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Recursively
saturated models

Introduction to recursively saturated models

Definition
Let £ be a countable language. An L-structure 2 is recursively saturated if for any
recursive type {¢;(x,x1, -+ ,2,) | ¢ € N} and any aq,--- ,a, € A4,

Vida € AVi < jU4 | pi(a, a1, ,a,) = Ja € AViAx E vi(a, a1, ,an).

® A countable structure in a countable language has a countable elementary extension
which is recursively saturated.

Lemma
For each n > 0, there exist formulas Sats, (x,y) and Satr, (z,y) in language Lor such
that for any X,, formula ¢(vq,--- ,vx) and IL, formula ¥ (vy,--- ,vg),

IZ; FVs(Sats, (To,8) < o(s1,-- ,88)),
IZ; FVs(Sat, (97, s) < ¥(s1,-- - ,s8)),

where s is the code of (s1, - ,sg). When n > 0, Saty,, € ¥,, and Saty, € II,,.
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Reanghly For n > 0, a non-standard model 2 of I3,, is ¥,,-recursively saturated, i.e., it realizes any
mumedmeds (finitely satisfiable) recursive 1-type on a finite subset of A consisting of only %,, formulas.

Proof. Let ®(x, ) be a recursive type consisting only of ¥,, formulas. Then, the Gédel
numbers of formulas in ® can be expressed by a Ay formula 6(i). Thereby,

® The finite satisfiability of ®(x, @) is expressed as: for each natural number j,
JazVi < 5(0(2) — Sat 3n (Za (.’IZ‘, C_i)))a

which is shown to be ¥,, in BY,,(C I%,,).

® | et A be a non-standard model of I3,,. By the overspill principle, the above formula
holds for some infinite element j'. Suppose & = a satisfies the formula for this j’.

® Then, we have 0(i) — Saty, (i, (a,@)) for any natural number i. Namely, all 3,
formulas in ®(z,d) are realized by a in 4. O

By the above lemma, any non-standard model of PA is 3, -recursively saturated for each
n > 0, but there is a non-standard model of PA which is not recursively saturated.



Logic and
Foundation

K. Tanaka

ey Definition
saturated models
Let A be a model of IX{, and a € A. The set

{n eN: 2k p(n)a}

is called the set coded by a in 2, where p(n) is a primitive recursive function representing
the n + 1-th prime number, and u|v = Jw < v(u+w = v) . The collection of all the sets
encoded by an element in 2 is called the standard system of 2, denoted as SSy(2l).

Lemma (D. Scott)

Let 2 be a non-standard model of I¥;. Given two disjoint X; sets, there exists a set in
SSy(2() which separates them. In particular, any recursive set belongs to SSy(2().

Note that in general, a set that separates two ¥; sets cannot be obtained recursively. That
is, SSy(2() is properly larger than the class of recursive sets.
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Recursively Let n > 0 and 2 be a non-standard model of IX,,. If a type ®(Z) of X,, formulas on a
srumedmess finite subset of A is coded in 2A, then 2 realizes ®(7).

The proof is exactly the same as that of lemma in Page 5. The converse holds as follows.

Lemma

Let n > 0 and 2 be a non-standard model of I3,,. Fix @ € A* arbitrarily. Then the
following k-types can be coded.

o(
v

(7) : p(T) € Zn AR = p(@)},

{v
{(@) : $(2) € My AR = (@)}

éiléil
[

Proof. In IX;, Saty (x,y) and Satr, (z,y) can be defined. Since 2 is a model of IX,
there exist a X, formula ¢ (k,a@) and a II,, formula 91 (k,d@) s.t. p € ® < ¢1(T¢ ', d) and
Y € U< (T, @) hold. Then, letting ¢ be a non-standard element of 2, by ¥,
induction, we can define a code I,cyp(b) for U = {b < c¢: v1(b,@)} and a code I ey p(b)
for V.={b < c:41(b,a)}. Clearly, these code ®(Z) and ¥ (Z), respectively. O
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Friedman's
self-embedding
theorem

With the above preparations, we will prove Friedman's self-embedding theorem. The
following is a key lemma, and also used in several variations of the theorem.

Lemma

Assuming n > 0, let 2, 9B be countable non-standard models of I%,,. Take ag € A and
bo, ¢ € B arbitrarily. Then the following two conditions are equivalent.

(1) There exists B’ C. B such that ¢ & B’. There is an isomorphism h between 2( and
B’ such that h(ag) = bg. For any II,,_; formula ¢(%) and any b € B’<%,

B o) & By o).
2 y = SSy(B), and for any II,,_; formula ¢(v,u),
SSy (A SS d f fi |

A4 | (U, ap) = Bp = IV < cp(d,by),

where ¥ = (v1,...,vg) and 3T < ¢ means Jv; < ¢--- Jyg < c.
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e By 2 B, SSy(2) = SSy(B’) is obvious.
R ® Since B’ C, B, it is also clear that SSy(B’) C SSy(B).

o€ ® Assume that R € SSy(B), i.e, R is coded by r in B. We will show that R is also
coded in 8.

® Take any non-standard element [ of B’. Since B’ is also a model of I¥;, the [ + 1-th
prime p(l) belongs to B’, and so p(l)! € B’.

® Now, letting m be the greatest common divisor of » and p(1)! in B, we have m € B’
since 9B’ is an initial segment of B. Then, it is clear that m also encodes R.

® From the above, we obtain SSy(2) = SSy(B).
Next we show the second half of (2).
® Let (U, u) be a II,,_1 formula, and 24 = ITp(7, ag).
® By the isomorphism between 2 and B’, B, = Ivp(V, by).
e Then, since there exists d € B’ such that B',, = o(d, by), from the assumption (1),
B = ¢(d, bo). Therefore, By = 3t < (T, bo).
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Next, assuming (2), we show (1).

® This is an application of the so-called back-and-forth argument. We alternately

produce a list ag, ay,--- of the elements of A and a list by, by, -- of the elements of
B’, so that an isomorphism h between 2( and B’ is obtained by h(a;) = b;.
Now, suppose ag, a1, -+ ,az, and by, by, - - , bog have been chosen, and for any IT,,_4

formula ¢(7, @),

Ay = (v, a0, -+ ,ak) = Bp = I < cp(v,bg, - -, bag) (1)

holds.

We next choose agt1, @ak+2 and bagy1, bak4o such that this condition is preserved.
We will explain later that (1) can be obtained by this.

Since A is countable, each member can be assigned by a natural number uniquely.
Then choose one with the smallest number among the elements that do not appear in
ap,ai,- - ,as, and denote it as aggy1. This procedure guarantees that {a; : i € N}
lists all the members of A.
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Now we will search for ba41 such that (§) holds.

Let ®(Z) be the set of X, formulas (T, zg, - - , Tar+1) (p € II,—1 ) which holds
for ag,- - , ag, agk4+1 in A. By the second lemma in page 7, (&) is coded in 2.
Since SSy () = SSy(B), so it is also coded in B.

Furthermore, we let

D' (zo, -+, Tokt1, Tokt2)
= {30 < zop42 0(V, 20, -, Tapt1) : FV(V, x0, - -+, Top41) € P}

Since there is a primitive recursive transformation between ® and ®', ®’ is also coded
in 3.

Then, if ®'(bg, - ,bak, z, c) is shown to be finitely satisfiable in 9B, then by the first
lemma in page 7, we can find an element = = b that realizes ®'(by, - - - , bog, x,¢), and
letting bor41 be such a b, (#) holds.

Now, let 37 < cp;(¥,bg, - -+ ,bag,x) (i < j) be any finite set of formulas from
(b/(b()v e 7b2ka x, C)-
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Friedman'’s
self-embedding
theorem

From the definition of @', for each i < j, 30p;(¥, ag, - - - , ask, ask4+1) holds in 2, so

Q[A ': 3170 e 317]333 /\ (pi(l_fi, apg, - - ,CLQk,Jﬁ).

i<j
On the other hand, using (f),

Bp =Ty < ¢+ 30 < 3w < ¢\ i@, bo, -, bk, ).
1<jg

Therefore, by simple transformation,

Bp = 3o /\ I < cpi(@,bo, -+, bk, ).

i<j

In other words, (b, - - - , bog, x, ¢) is finitely satisfiable, and bog41 is obtained.
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Next, we first select bop o and we search for a corresponding asgio. If
{b(), s ,ka, b2k+1} is an initial segment of %, then b2k+2 = b2k+1, A2k+2 = A2k+1,
and () holds.

Otherwise, there exists a b < max{bg, - , bak, bar+1} such that b does not appear in
by, -+ ,bak, bak+1. Then among such, let bog4o be one with the minimal number
assigned in advance to the members of B. This finally produces {b; : i € N} as an
initial segment of 8.

Then we will find asg42 corresponding to bajyo.

Let U(Z) be the set of ¥,, formulas V& < xog+3 (T, zg, - , Tak42) holds for
bo7 s ,b2k+17b2k+2,0 in B. This can be coded in B.

Therefore, if we define

W' (20, -+, Tokt1, Takt2)
= {V0Y(T, w0, - -+ , Tory2) : VU < Topy3 (T, %0, - -+ , Topy2) € Y}

then ¥’ is coded in 2 by the same argument as above.

All that remains is to show ¥/(ag, - , agk+1, ) is finitely satisfiable in 2(. So, let
Vo (U, ag, - -+ asky1, ) (1 < 7) be a finite subset of ¥/ (aq,- -, ask11,).
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self-embedding
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We will show that these formulas are realized by x = a such that
a < max{ag, - , a2k, A2k+1} -
By way of contradiction, assume

A4 = Vo < max{ag, - - ,a2k,a2k+1}5|17\/ =i (U, ag, -+ -, G2k41, ).
i<J
By the X, collection principle that follows from 3,, induction,
Ap )Z dyvr < max{ao, s, A2k, a2k+1}377 <y \/ ﬂ/h‘(ﬁ, ag, -« - ,azk+1,$)~
i<j
On the other hand, using (f),
Bp =y < Vo <max{by, - ,bax, bar1}30 < y \/ =iV, bo, - - -, bagg1, ).
1<jg
Therefore, by simple transformation,
B = Vo < max{b, - ,ba, bar1} 30 < ¢ \/ 20hi(,bo, -+, ok, )
1<j
This contradicts with the assumption that bg, - - - , bagt1, bak12, ¢ realize ¥ ().
Thus, ¥'(ag, - - ,aak+1, ) is finitely satisfiable, and so the desired asy o exists.
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Suppose that we have completed the construction of a list ag, a1, -+, and a list
b, b1, --. As described above, A = {a; : i € N} and B’ = {b; : i € N} is an initial
segment of B. It is also obvious that ¢ ¢ B’.

Next, we define a function h between 2 and B’ by h(a;) = b;. Then, h is an
isomorphism, since by (#), for an atomic formula ¢(zo, -, zx),

QLA ):(}9(&0,"' aak‘):>%B ':(p(b07 7bk7)a

which implies h preserves operations and <.

Moreover, by (#), we can show that for any IT,,_; formula p(zo, -, zx),

Ag = @(ao, - ,ar) © Bp = plbo, -, by).
= is clear. For <, let A4 = ¢(ao, - ,axr). Then A4 = —p(ag, -+ ,ax), and
ﬁ(,D(CLOf H ,ak) is anl, SO by (ﬂ), %B |: ﬁ@<b0,~ s ,bk), and %B % (p(bo, s ,bk)
On the other hand, since h is isomorphic, for any formula @(zg,- -, x),

Q[A ': SD(G’Ov e 7ak) < %IB/ ': @(bo, e 7bk‘)
So for any II,,_; formula @(xq,- - ,zk),

SBIB/ ): QD(bO; e abk) ~ SBB’ ': SD(bOa e ;bk)a
and thus (1) is obtained.
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Theorem (Friedman's self-embedding theorem)

Let n» > 0, 2 be a countable non-standard model of IX,,, and take a € A arbitrarily. Then
there exists an initial segment A’ of 2 such that a € A’ but A’ ; A, and 2A = A" and for

any II,,_; formula ¢(Z) and any o’ € A'<%,
W4 (@) & Aa = (@),

Proof.

® In last lemma, we consider the case 2l = B. In order to satisfy the condition (2) of the
last lemma, for any II,,_; formula ¢(¥,w), it is sufficient to find ¢ such that

Afay = IV, a) = Wfq.cy = IV < cp(7,a).
® Now, let
O(z) = {Fp(V,a) = IV < x (T, a) : o(U,u) € U1}

This is a recursive type consisting only of II,, formulas, and is clearly finitely satisfiable.

® Therefore, there exists ¢ that realizes ®(x). Therefore, by the last lemma, there exists
an initial segment A’ of 2 which satisfies the conditions of the theorem. O
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Remarks

The essence of this theorem is that a countable non-standard model of I¥X; has an
initial segment that is isomorphic to itself.

Friedman first proved this theorem for a countable non-standard model of Peano
arithmetic, and several researchers sophisticated it to the above form.

The same theorem does not hold for non-countable models, and also it does not hold
in general for countable non-standard models of 13.

Furthermore, an important result related to this is McAloon's theorem, which states
that a countable non-standard model of I¥( has an initial segment that is a model of
Peano arithmetic PA.
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Introduction to Resplendency

® Recursive saturation of a structure means that it contains many “elements” that
satisfy recursive conditions, but by generalizing this property to relations and
functions, we introduce a new concept.

® By saying that a structure 2 in the language £ has “resplendency”, we mean that if a
formula ¢(R) with new relation symbols R ¢ £ consistent with Th(2(4), ¢©(R) can hold
in 2 by appropriate interpretation of R.

® |n a resplendent model of arithmetic, hidden properties of the structure can be found
by using new relation symbols for an initial segment and satisfaction relation.

Definition
The L-structure 2 is said to be resplendent, if for a sentence ¢ in a language £t D L4
such that Th(24) U {¢} is consistent, there exists an LT-expansion AT of 2 such that

AT = .
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Resplendency

The statement that Th(24) U {¢} is consistent is equivalent to that ¢ is true in the
LT -extension of an elementary extension of 2.

In other words, resplendent structures are considered to potentially possess the
properties of relations and functions manifested in their elementary extensions.

We remark that if we denote the elements of A contained in ¢ (shown as constants)
as d, then this condition is equivalent to the consistency of Th(2lszy) U ¢.

-,

*. Suppose Th(204) U {p} is inconsistent. Then there exists a formula (@, b) in
Th(2(4) such that - ¢(d,b) — —p. Thus we also have F 3y (d, i) — —p. Since
Jy(d@, ) € Th(Aay), it follows that Th(™Uz;) U {¢} is inconsistent. The reverse

implication is trivial.

Every finite structure is resplendent because its elementary extension is only itself.
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Since “resplendency” does not imply “recursive saturation” in general, we introduce the
following stronger notion which implies both.

Definition

An L-structure 2 is strongly resplendent, if for any recursive type ®(Z) in a language
Lt = £ U {finitely many additional symbols} and @ € A<% such that Th(24) U ®(a) is
consistent, there exists an L -expansion 2" of 2 which is a model of ®(a).

® In the definition of strongly resplendent, if we restrict the type ® (&) to be a single
formula, we obtain the definition of resplendent, and if we let £T = LU {c}, it
becomes the definition of recursive saturation. Hence, strongly resplendent
structures are both resplendent and recursively saturated.

® Furthermore, similar to the case of resplendent structures, it is worth noting that the
consistency of Th(2(4) U ®(a@) coincides with the consistency of Th(2;z}) U ®(a).
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properties coincide.

Theorem (Barwise-Ressayre)

Countable recursively saturated structures are strongly resplendent.

Resplendency

Proof
® | et A be a countable structure in a countable language £ and assume it is recursively
saturated. Furthermore, suppose we are given a recursive type ®(Z) in a finitely
extended language £ of £ and @ € A“ such that Th(2(4) U ®(q) is consistent.
® Then, we want to construct a model A" of this theory without expanding the domain
|2(]. The key idea of the construction is that by utilizing the recursively saturated
nature of 2, we can select Henkin constants from elements of A.

Now, let's look into the details of construction of ™.
® First, we enumerate the formulas in £ 4 with only one free variable z, denoted by
{pn(x) :n € w}.
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Ag={a}C A CAC-, Toy=0@ N CTrC---,

satisfying the following conditions: for each n
(1) T), is a recursive set of sentences in L;n, and T,, U Th(2(4) is consistent.
(2) either ¢, (a) € T,,41 for some a € A or =Fzp,(x) € Tyy1.

Resplendency

® Once the construction is completed, letting T, = Un T,.. we will show T}, is a
complete Henkin theory.

® Let o be a sentence in Ejg such that T, ¥ 0. Suppose o is @y, (with no occurrence of
x) for some k. Then we have o & T 1, since T, I/ 0. Thus, by condition (2), we
have =3zo € Ty41, and so T, - —o. Therefore, T, is complete, and so Th(24) C T,,
since T,, U Th(2 4) is consistent by condition (1).

o If T, - Jzp,(x,d), then by (2), there exists some a € A such that ¢, (a) € T,,.

® Then T, is a complete Henkin theory. By Henkin method, we can construct a
structure AT over the domain A, such that T,, = Th(2}), and therefore AT = ®(a).
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Resplendency

Finally, we will construct the sequences {4,,} and {T,,} by induction.
® Assuming that the constructions up to A, and T}, have been done. Take @, (z).
® et B= A, U {elements of A occurring in o, (x)}, and define

U(x) = {¢(z) : ¢(x) is a one-variable formula in Lp, and T,, - ¢, (z) = ¢¥(z)}.

Although W(x) is ¥; as it is, it can be treated as a recursive type by Craig's method.

Since the structure 2 is recursively saturated, we can either find an a € A realizing
U(x) or find a finite subset {¢;(z) : ¢ < j} of ¥U(x) such that

Aa -3z /\ Vi ().

i<j

In the former case, we let A,,11 = BU{a}, Tyhy1 =T, U{en(a)}.

To check the consistency of 7,1 U Th(2(4), we will show that any L4, , sentence
provable in T}, is true in 24. Now, let ¥)(z) be a formula in Lp and assume

Thi1 F(a). fa ¢ B, T, F ¢,(a) = ¢(a) implies T,, ¢, (z) — ¢(z) and so
Y(x) € ¥(x). Since a realizes ¥(z), 1(a) holds in A 4. On the other hand, if a € B,
then by T,, - ¢, (z) = (z = a = ¥(z)), we get (x = a — (x)) € ¥(z), which
implies (a = a — 9(a)) € Th(24). Thus, ¢ (a) holds in A 4.
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® Next, we consider the case that 24 = —3z ;. %:(x). In this case, we can simply set

An+1 = Ana TTL+1 = Tn U {_‘amwn(x)}

Resplendency

Since Ty, = =3z A\, i(x) — —~3zpn(z), we may show the consistency of

T, U {3z /\ ¢i(z)} UTh(2A).

i<j

Let 1) be a sentence in Lp such that T,, - -3z /\1< 1;(x) — 1. By the induction
hypothesis, T;, U Th(2(4) is consistent, so =3z /\1<] Y;(x) — 1 holds in Ay.

® Moreover, since we have the premise 24 = =3z A, ; ¢:(x), it follows that 1 also
holds in 4. This completes the proof. B O
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s Recall Problem 5 of Lec05-02

Let 24 = (A,+,+,0,1,<) be a non-standard model of IX;. Show that A =
(A,4,0,1, <) is recursively saturated.

N

/

~ Example 5

® In the above problem 5, it was shown that if 2 = (4,4, «,0,1,<) is a
nonstandard model of I3, then 2" = (A, +,0,1, <) becomes recursively
saturated.

e Conversely, suppose 2’ = (A, +,0,1, <) is a recursively saturated model of
Presburger arithmetic and is countable. Then, by the previous theorem, 2l is
strongly resplendent.

® On the other hand, Presburger arithmetic is complete, and the set of its theorems
coincides with Th(2("). Therefore, Th(2) U PA is nothing but PA, which is a
recursive consistent set.

® Hence, there exists a suitable interpretation of « such that 2 = (A,+, «,0,1, <)

\

becomes a model of PA. In summary, a countable model 2l = (A4, +, +,0,1, <) of

I can be turned into a model 2" = (A, +, +/,0,1, <) of PA by changing the
interpretation of multiplication (the “misbuttoning theorem™).

J
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Thank you for your attention!
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