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Part 7. §1. A self-embedding theorem of WKL,

Theorem 1.1 (Self-Embedding Theorem)

Let I = (M, S) be a countable model of WKL with M # w. Then, there exists a proper
initial segment I of M such that 9M[I = (I, S[I) is isomorphic to . Here,
S[I={XnI|XeS}

We first prove the following lemma, which will be frequently used later.

Lemma 1.2 (Compactness in WKL)

(1) For any II{ formula ¢(X), there exists a ITY formula ¢ such that WKL, proves:
¢ 3X p(X).

(2) For any I19 formula ¢(k, X), WKL proves:

Yn3IXVk <np(k,X) — IXVEp(k, X).
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We define G-X{ formulas or simply G' formulas by generalizing ¥ formulas as follows.
The G formulas are obtained from X{ formulas by using A, V, bounded universal quantifier
Vx < y and unbounded existential quantifier 3x, and set quantifiers V.X, 3.X.

In WKLg, we can prove that a G formula is equivalent to a X{ formula.

Definition 1.3 (G formulas in RCA)

A sequence Gog C G1 C Gy C --- of sets of L%R—formulas is defined inductively modulo 4
as follows: for each e € N,

Gy = {finite disjunctions (V) of atomic formulas or their negations},
Gietr1 = {3z ¢ | ¢ is a finite conjunction (A) of Gy, formulas} U Gy,
Gaera = {Vx <y ¢ | ¢ is a finite disjunction (V) of G411 formulas} U Gyeqt1,
Giers = {3X ¢ | & is a finite conjunction (A) of Gyeqo formulas} U Gy,
Giers = {VX ¢ | ¢ is a finite disjunction (V) of Gaey3 formulas} U Gyeys.

Finally, we set G = UeeN G.. The formulas in G are called G formulas.

In the following, we will define Sat for G formulas.
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From now on, a structure Mt = (M, S) is denoted by V. Then, for each p € M, let
M,={ae M |MEa<p}, S,={XNM,| X eS}tandV, =(M,,S,).

For any formula ¢ in £%R, let ©"» be a formula obtained by restricting the ranges of
variables to V,, = (M, S,). More precisely, in ¢"#, quantification over numbers is bounded
by p, and quantification over sets is also considered as ranging binary sequences of length
p, which can be coded by numbers < 27. So, ¢©'» can be regarded as a A formula in V.
Thus, by using Satyo, we define the satisfaction predicate SatP(z, &) as follows:

SatP (T, &) = Satgo (TP LE 1 V,), e, 0(6)".

Here, ¢ is a finite function that assigns elements of M, U .S, to free variables in ¢, and
& 'V, is the assignment obtained from £ by restricting its values to V,.

We also remark that a variable z in Sat?(z,£) can potentially express a non-standard
number. In V, we can verify that Sat? satisfies Tarski's truth definition clauses (cf.
Theorem IV.2.26 in [P. Hajek and P. Pudldk, Metamathematics of First-oder Arithmetic,
Springer, 1993.]).
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Next, we define the satisfaction relation for G formulas as follows:
Definition 1.4

For each z € G, define the satisfaction relation Sat(z,&) as follows:

Sat(z,&) <» IpSat?(z,& [ Vp).

For simplicity, we abbreviate Sat?(z,£ [ V},) as Sat?(z,§).
In the following, we identify a formula with its code.

Lemma 1.5

In a model V' of WKLy, Sat(z,£) satisfies Tarski's truth definition clauses for G' formulas.

Proof idea. In fact, if 2 is 39, Sat(z,£) & IpSat?(2,€) & Ip2(H)'r & 2().
The critical case is z = VX 2’ (where 2’ is a G formula).
Sat (VX 2/, €) & IpSat? (VX 2/,€) & IpWU Sat? (2, € U {(X,U)})
& VU dpSat? (2,6 U{(X,U)}) (< by compactness (Lemma 1.2(2)))
& VU Sat (2,6 U{(X,U)}),

where { U {(X,U)} is an extension of £ with X assigned to U.
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Lemma 1.6

In a model V = (M, S) of WKLg, we fix any e € M and an M-finite assignment map &.
Then, there exists a p € M such that for all G, formulas z whose free variables all belong
to the domain of &, then Sat(z, &) < Sat?(z, &) holds.

Proof. Since the domain of the assignment map £ is M-finite, the set of G, formulas
whose free variables are in the domain of £ is essentially M-finite (disregarding repetitions
of the same formulas within a disjunction or conjunction). This fact can be demonstrated
by X9 induction on e.

Therefore, for M-finitely many G, formulas z, if Sat(z, &) holds, let p, be p such that
Sat”(z,€), or otherwise let p, = 0 . Then, if we put ¢ = max{p.}, ! then we have
Sat(z,§) < Sat?(z, €). o

IStrictly speaking, strong £ collection principle (S£1) is used here. (HW # 5-1.)
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Definition 1.7 (Reflection)

In a model V of WKLy, for any e, p, and for two assignment maps &, £’ with the same
domain, the relation Ref? (¢, ¢’) is defined as follows:

Sat(z, &) = SatP(z,¢'), for each G, formula z with free variables in the domain of £.

Lemma 1.8

In a model V' of WKLy, supposing Ref? (¢, &) with M-finite &, &', the following holds:

(1) fe=4d+1, Ya3a' < pRef?_;(€U{(y,a)},& U{(y,a’)}), where y is a variable not
in the domain of &.

(2) If e =4d + 2, for each numerical variable = belonging to &,
Vo' < €(z)3a < &(x) Ref?_, (€ U {(y,a)}, € U{(y,a")}), with y not in ¢.

(3) Ife=4d+ 3, VU IU'Refl_, (€ U{(Y,U)},& U{(Y,U")}), where Y is a variable not
belonging to the domain of &.

(4) fe=4d+ 4, VU U Ref?_(EU{(Y,U)}, & U{(Y,U")}), with Y not in &.
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K. Tanaka the same domain such that Ref?(&,¢’) is satisfied.
A self-embedding
e of (1) For e =4d + 1. Show Va3a’ < pRef?_,(EU{(y,a)},& U{(y,a’)}).

Fix any a € M. Let Z be the set of all codes of G._; formulas z satisfying
Sat(z,£ U{(y,a)}) and in a non-redundant form (i.e., no same formula is repeated in
disjunctions or conjunctions), whose free variables are either y or belong to the
domain of £. According to the argument in the proof of Lemma 1.6, this set Z is
M-finite within V. Thus, by (bounded %¢-CA) (Lemma 7.1.8), Z exists.

Now, consider a G-formula 2’ = 3y A, 2. Since Sat(z,£ U {(y,a)}) for each
z € Z, it follows from Lemma 1.5 that Sat(A, ., 2, U{(y,a)}) and so Sat(Z’,§).

Therefore, by the hypothesis, Sat?(z’,£’) holds. Thus, there exists a’ < p such that
Sat?(z,&" U{(y,a’)}) holds for each z € Z, fulfilling the requirement.

(2) For e =4d + 2. Show Va’' < &'(z)Ja < &(z) Ref?_ (€U {(y,a)},& U{(y,a’)}).
Fix any a’ < £'(z). To prove by contradiction, assume that for any a < £(z) there
exists a G._1 formula z such that Sat(z,£ U {(y,a)}) and =Sat?(z,& U {(y,a’)}).
Let Z be the set of all z € G._; satisfying =Sat”(z,& U {(y,a’)}) and in a
non-redundant form, whose free variables are either y or belong to the domain of £.
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(2) (continued) Like in case (1), Z exists by (bounded X9-CA). Consider a G, formula

2 =Vy <z \/,c 2. By the other assumption, for each a < §(x), there exists z € Z
such that Sat(z,& U {(y,a)}), so Sat(z’, &) holds.

Therefore, by the hypothesis, Sat?(2’,£’) holds. Thus for each o’ < &'(x), there exists
z € Z such that Sat?(z,& U{(y,a’)}), which contradicts the definition of Z.

For e =4d + 3. YU 3U' Ref?_, (£ U{(Y,U)},& U{(Y,U’)}) can be shown like (1).

For e = 4d + 4. Show YU’ 3U Ref?_, (¢ U{(Y,U)}, & U{(Y,U")}).

Fix any U’. Let Z be the set of z € G._; satisfying =Sat?(z, & U {(Y,U’)}) and in a
non-redundant form, whose free variables are either y or belong to the domain of &.
Consider a G, formula 2z’ = VY \/ZEZ z. By contradiction, assume for each U, there
exists z € Z such that Sat(z,£ U {(Y,U)}). Thus, Sat(z’,&) holds, and by the
hypothesis, Sat?(z’,£’) holds, which contradicts the definition of Z.

Thus, the proof is complete. o
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_ Let 9 = (M, S) be a countable model of WKL with M # w. Then, there exists a proper
teaemor " initial segment I of M such that 9[I = (I, S[I) is isomorphic to 9.

WKLq
Proof Let V = (M,S) be a countable nonstandard model of WKLy, and fix ¢ € M.
Since V is M-finite within V', we can also make an M-finite mapping & that assigns each
number and set in V; to distinct variables.
Now, take any nonstandard number e € M. By Lemma 1.6, for any G.-formula z whose
free variables belong to the domain of £, there exists p such that Sat(z,&y) < Sat”(z, &)

holds.
In the following, by repeatedly using Lemma 1.8 (the back-and-forth method), we
construct two w-sequences of assignment mappings o C & C--- C & C ... and

& (=&) CE C--C¢& C... (kew), where Ref?_, (&,¢},) holds for all k € w, and
U, range(&x) =V and J, range(§;,) forms the desired initial segment of the model V.

To begin with, we enumerate the elements of V as M = {a; | i € w}, S ={U; | i € w}.
We inductively construct &, £}, with the same domain (k € w) by cases:
(i) For e —k =4d+ 1. Let a be the element a; in M — range(&;) with the smallest index
1, and let o’ < p be obtained by Lemma 1.8(1). Then, let y be a new numerical
variable not in the domain of &, and set &1 = & U {(y,a)}, &40 = & U {(y,d)}.
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i Tansie Then, let a’ be the element a; in M — range(§},) and satisfying a; < &}, (zo) with the
A el smallest index 4, and let a < {(xp) be obtained by Lemma 1.8(2). Then, let y be a

theorem of

Wil new numerical variable, and set {41 = & U {(y,a)}, §y = & U{(y,a')}.

(iii) For e —k =4d+ 3. Let U be U; € S with the smallest index i, that is different from
any set in range(&) with regards to the numbers in range(¢). Also, let U’ be
obtained by Lemma 1.8(3). Then, let Y be a new set variable, and set

Eer1 = U{(Y,U)}, & = S UL, U}

(iv) Fore —k =4d+4. Let U’ be U; € S, with the smallest index 7, that is different from
any set in range(&}.) with regards to the numbers in range(§},). Also, let U be
obtained by Lemma 1.8(4). Then, let Y be a new set variable, and set

S =& U{Y U}, &gy = & UYL UN)}
From the above construction, it is easy to see that Ref? , (&, &},) holds for each k € w.

From (i) and (iii), it is obvious that | J, range(&x) = (M, S). Also, from (ii), we can easily
see that the set I consisting of a belonging to |, range(¢;,) forms an initial segment of M.
Then, from (iv) it follows that |, range(¢;,) = (I, S[1).
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In (i), we first extend the injective mapping & to an injective &;41, and then extend the
injective &}, to a mapping &, that satisfies Ref? _, | (&x41,&),,1). The injectivity of £x41
is clear from the construction. Since the injectivity is expressed by a G formula, &, is
also injective.

Similarly for (ii), (iii) and (iv).

Thus, |J, & and |J, &, are also injective.

Let f = (Uy &) © (Ug &) ~*, which becomes a bijection from V to V'[I. It is evident that
f acts as the identity map on V.

Furthermore, since Refh (&, &},) holds for each k € w, it is clear that f is an isomorphism.
Thus, the proof of the theorem is complete. O
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rones ® According to Godel's completeness theorem and compactness theorem,
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WKLy F ¢ < for any non-w model 9t of WKLy, M | ¢.

® Since any infinite structure has an elementarily equivalent countable structure by the
Lowenheim-Skolem Theorem,

WKLy F ¢ < for any countable non-w model 9t of WKLy, I = .

® Choose a countable non-w model M = (M, S) of WKLg. Theorem 1.1 states that 9t
has an initial segment isomorphic to itself. But by swapping their roles of 9t and an
isomorphic initial segment, 90 is seen to have an isomorphic end-extension
*M = (*M,*S), which allows us to carry out some nonstandard analysis arguments.

® For example, in 9t = (M, S), a real number a is indeed a set in S. Thus, a is an
initial segment *a[M of some set *a € *S. Since *a may be taken bounded in *91,
it can be coded by an element of *M. Therefore, a real number in 9t can be treated
like a rational number in *1.
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WKLy F Any continuous function f : [0,1] — [0,1] has a maximum value.

Proof.

M = (M, S) M = (*M,*S)

f:00,1]NnQ—[0,1] = *f i {ditica = 2°
| [ (a,be*M — M, f="fNM)
{gi}ienm 2M
(8

*m N M is sup f — m = max{*f(¢;)}i<a
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Other Applications

WKL F The Cauchy-Peano Theorem (Tanaka, 1997)

WKLy F The existence of Haar measure for a compact group
(Tanaka-Yamazaki, 2000)

WKLy F The Jordan curve theorem (Sakamoto-Yokoyama, 2007)

HW # 5-4
WKLy Fo =7 RCAgko foro=VX3Yp(X,Y).
® The above conservation holds for any arithmetical formula ¢(Y).

® (1) Show that the conservation does not hold for some %} formula (V).

® (2) Show that the conservation does not hold for some II} formula ¢(Y).
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oring and In this section, we introduce Harrington's theorem that "WKL is a H% conservative

Harrngton's extension of RCAg." The forcing argument of adding infinite paths of an infinite tree as
generic paths to a ground model was invented by Jockusch and Soare (I1{ classes and
degrees of theories, Trans. of the A. M. S. 173 (1972), pp.35-56). Subsequently,
Harrington cleverly applied it to non-w models in second-order arithmetic.

The basic idea of forcing is to generate something that does not exist in the world without
causing confusion. First, a set of conditions P for what to generate is given, and a partial
order is defined on P. Ways to interpret these conditions varies depending on applications,
and we first proceed without giving particular meanings.
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Fix an arbitrary partially ordered set (P, <), and let p,q,r,... denote elements of PP.
A set G C P is called an open set, if it satisfies the following condition

Vp,q (g <pAp€eG—qeQG).
Thus, (P, <) becomes a topological space. Now, let
p]={qePlq<p}

Any open set G coincides with [, [p], and so {[p] | p € P’} forms a basis for the topology.

Any set D C P is called a dense set, if it has a non-empty intersection with every
non-empty open set. The condition for D to be dense is equivalent to

VpeP [p]ND #0®, in other words, Vp e P 3de D d < p.

Definition 2.1

A set F' C P is called a filter, if it satisfies the following conditions:
DpeFAp<q—q€EF,
2)Vp,g e F [plNlglNF #0.
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Given a family of sets D, a filter G is called a D-generic filter if it intersects every dense
Forcing and set D C P belonging to D.

Harrington’s
Theorem

Lemma 2.3

If D contains at most countably many dense subsets of P, then for any p € P, there exists
a D-generic filter G that contains p.

Proof Enumerate the dense subsets of P contained in D as Dy, D1, ,D;,--- (i € w).
For a given p € P, construct a decreasing sequence py > p1 > - - - from P as follows:

po =p, and p,, € [pp_1] N D,,_1 for each n > 0. Then, we set G = {q | Ji p; < q}.

Thus, it is obvious that p € G and G is a D-generic filter. |
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Now, we will introduce the forcing conditions used in Harrington's proof.

Let 9 = (M, S) be a countable model of RCAy. Here, M is the first-order part (the
domain corresponding to the natural numbers), and S is the second-order part consisting of
subsets of M, thatis, S C P(M). Then, set

P={T €S |ME “T'(C Seqz) is an infinite binary tree”},
and define a partial order on P by
T <Ty<T; CTs.

For each T' € P, we want to generate an infinite path and put it into S. But if we bring in
an arbitrary path of T" from outside, it might break the condition of 9, e.g., induction
axiom. Instead, we approximate an infinite path by 7/ < T, and for this purpose, the
concept of density is important, namely

DCPisdense VI c¢PIT' e DT <T.
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E C P is said to be definable in 91 if there exists a formula ¢(X) (with parameters from
M US) such that E={T € P |9 = ©(T)}. The totality of such sets is denoted by
Def(9). Since we only consider a countable model 9t = (M, S) in a countable language,
Def(90%) is a countable set. By Lemma 2.3, any T' € P is contained in some

Def (901)-generic filter. Such a filter is simply referred to as an 91-generic filter.

Lemma 2.4

If I C P is an 9M-generic filter, then there exists a unique infinite path G = NF = NpepT
common to all 7' € F. That is, F' is contained in the principal filter generated by G.

Proof For each k € M, let B, = {T € P | 3!s € {0,1}* s € T'} be dense and definable
in M. If Fis an M-generic filter, then for each k, there exists some s; € {0, 1}"3 such that
there is Ty, € F with T}, N {0,1}* = {s;}. Moreover, if k < k’, then s, is an initial
segment of sys, and sy € Ty, If not, [T}] N [Tx/] = 02, which would contradict the filter
condition of F'. Thus, let G = [J;.cps sk then G = [, Ty as well. Finally, to show
G=nNF,if GZT € F, then there exists some k such that s, ¢ T, and [T N [Tx] = 2,
which contradicts the filter condition of F. O

2Here, [T] denotes {T' € P | T’ C T}. In the latter half of part 8, the same notation [T represents the
set of infinite paths of T'. Since both are conventional, we would use both as they are.
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Definition 2.5

G(C M) is called an M-generic path, if for every dense set D € Def (1), there exists a
tree T' € D such that G is an infinite path through 7.

Lemma 2.6
Every T' € IP has an 9Mi-generic path G.

Proof By Lemma 2.3, every T is contained in some 9-generic filter F'. Then, by
Lemma 2.4, there is a common infinite path G in the trees of F. It is clear from the
definition that this G is an 9-generic path. |

From now on, an 9Mi-generic path will simply be referred to as a generic path.

Lemma 2.7
If G is a generic path, then (M, S U{G}) = XY-induction.

Proof Let (i, X) be any 29 formula, and choose any b € M, and we will show that
A={a<yb|yla,G)} €83 If Ae S, induction on (n,G) can be shown as follows.

3See Lemma 1.8 of part 7 for RCAq I (bounded £9-CA). We show (bounded £¢-CA) — X9 induction.
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assume (0, G) and Vn(eo(n,G) = ¢(n+1,G)). Then, we have 0 € B and
Vm(m € B — m+ 1 € B). Since 9 = XY-induction, by induction on B, we have
A, B = M. Therefore, b € A, that is, ©(b,G). Since b € M s arbitrary, we get Vnp(n, G).

Harrington’s
Theorem

Now we show A € S. Let (i, X) = 3j6(i, X[j) (where 8 € 39)*, and set

Dy ={T eP|M}Va<b (1) VteT-0a,t)V
(2) Ikt € TN {0,1}%3s C tH(a, s)}.

Of course, Dy, is definable in 9t. Here, note that if T' € Dy, and T" C T, then T € Dy
And as shown below, Dy, is dense, so there exists a tree Ty in Dy that has G as an infinite
path. Fix such a Tj. For simplicity, we write (1)7, for above condition (1) with T' = Tj,
and (2)r, for condition (2) with T' = Tj.

4X | j represents the code of the initial segment (f(0),---, f(j — 1)) of the characteristic function f of
X. The truth value of the 28 formula 0(X) depends only on a finite part of X, so for sufficiently large 7,
X can be replaced by X [ j. See [Simpson, Theorem 11.2.7] for details.
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Then, for each a < b,

ME Vg, = (M, SU{G}) = —p(a,G),

M= 2)n, = (M, SU{G}) |= ¢(a,G).
Since M = (1)1, V (2)1,, we have

M= 2)n, & (M, SU{G}) |= ¢(a,G)
Since (2) is a XX{ formula, and 9 |= (boundedX{ -CA) (Lemma 1.8, Chapter 7),
A= {a<ub|ME ()1} €S,

Finally, we show that D, is dense. Choose any T' € P. For each o € {0,1}=°, define a tree
T, inductively as follows:

Tg == T,
Torno={t €T, | Vs Ct—b(a,s)}, where a = leng(o),
Tyry =T,

Here, & is the empty sequence, and o™i denotes the sequence o followed by i(= 0,1).
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Next, let S, = {o € {0,1}**1 | T, is an infinite tree}. Then, since "7, is an infinite tree"
o is expressed by a I1{ formula Vn3r € {0,1}" 7 € T,,, by (bounded X{-CA), we have

Harrington’s b+1

eorem /_/%
" Sp € S. Also, since < 1,1,--- ;1> € S, we get Sy, # .
Thus, let o, be the lexicographically first element in .Sp.

Take any a < b. op(a) =0, then (op[a)”0 C oy, so
Tab C T(a'b [a)"0 - {t | ﬁe(afat)}a

from which we have (1)1,

op "

If o4(a) = 1, then T(,,[a)no is finite, and thus (2)7, ., and also (2)7,, holds.

bla
From all the above, T}, € Dy, which proves that Dy, is dense. O
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Fix a generic path G for T € IP, and let
ST ={X C M | X is definable in (M, S U{G}) by a AY formula}.

Harrington’s
Theorem

Lemma 2.8
(M, ST) = RCAq + T has an infinite path.

Proof For a X¢ formula ¢ with parameters from ST, there exists an equivalent %9
formula v with parameters only from S U {G?}, which is obtained from the former by
replacing a parameter X of ST with a A} formula defining it. Recall that the same
argument was used to show that RCA( is a conservative extension of 1X; (in part 5,
Lemma 1.3). Then, by Lemma 2.7, (M, ST) |= RCAq. Also, in (M, ST), T has an infinite
path G. ]

Notice that if (M, S) is countable, then ST is also countable. In the following lemma, this
process is repeated to construct a model (M, Sy,) of WKLy, which is also countable.
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For any countable model (M, S) of RCAy, there exists a countable set S, such that
S C Soo CP(M) and (M, Seo) E WKL,.
e e Proof Construct So € S; C --- as follows: Sy =S, and

Harrington’s
Theorem

Stnm)+1 = S(j;hm), where T'is the m-th infinite tree in S,,(C S, m))-

Here, (n,m) = w +n, and so (n,m) > n. Finally, let S = ¢, Si-
It is clear from the definition that this is the desired set. ad

Theorem 2.10 (Harrington)
For any II1 sentence o, WKLo - 0 = RCA( I 0.

Proof Suppose o is a 11 sentence that is not provable in RCAg. By Godel's completeness
theorem, there exists a countable model (M, S) = RCAg +-0. Now, —o can be expressed
as 3Xp(X) with ¢ € II}. Then there exists A € S such that (M, S) = RCAg +p(A). By
constructing So, by Lemma 2.9, we have (M, So) E WKLy +¢(A). Note that since ¢(X)
is arithmetical, the truth value of w(A) depends only on M and A. Therefore,

(M, Ss) E WKLy +—0, which implies WKLq t/ o. a



Thank you for your attention!
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