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i §1. Recap

Reverse Mathematics: Which axioms are needed to prove a theorem?

The Reverse Mathematics Phenomenon

Many theorems of mathematics are either provable in RCAg, or logically equivalent
(over RCAg) to one of WKLy, ACA,, ATR,, IT1-CA,.

Definition 1.2 The system of recursive comprehension axioms (RCA) consists of:

(0) Axioms and inference rules of first-order logic with axioms of equality for numbers.

(1) Basic arithmetic axioms: Same as Q. (Chapter 4).

(2) AY comprehension axiom (A9-CAg): Vn(p(n) <+ ¥(n)) — IXVn(n € X + o(n)),
where o(n) is X9, ¥(n) is 19, and neither includes X as a free variable.

(3) XY induction: ©(0) AVn(p(n) — ¢(n+ 1)) = Vne(n), for any 3¢ formula p(n).
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® RCA( is a conservative extension of first-order arithmetic 13;. (Lemma 1.3)

The pair of natural numbers (m,n) is coded by a natural number Ww +m.

The product X X Y is the set of pairs (codes) of one from X and the other from Y.
A function f: X — Y is asubset F C X XY such that Va € X3ly € Y(x,y) € F.
A function f whose domain is X = {i: i < n} is called a finite sequence with length n.

In RCAy, the following holds:
e (1) I1{ induction. (2) The class of X{ formulas is closed under bounded quantification.

The set of total functions is closed under primitive recursion.

The set of (partial) functions is closed under minimization p. Moreover, if
VZ3y f(Z,y) = 0 is provable, then uy(f(Z,y) = 0) exists as a total function.

® For any Y formula ¢(z), there exists a finite set X s.t. Va(x € X <> (x)), or there
exists a one-to-one function f : N = Ns.t. Vy(Baf(z) =y < ¢(y)).

(Bounded X9-CA) : V23XVy(y € X + (y <2 Ap(y))), where p(y) is X9.
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§2. Real numbers in RCA

First, we denote the set of all natural numbers {n : n = n} by N. Arithmetical operations
on N such as 4 and - are simply taken as the corresponding operations in RCA,.

We will use w to denote the totality of standard natural numbers.

An equivalence relation =z on N x N is defined by (k,l) =z (m,n) < k+n=1014+m.
Then, a pair with the smallest code in each equivalence class of =y is called an integer.
The set of all integers is denoted by Z. The operations on Z are defined as

(k,)) + (m,n) =z (k+m,l+n), (k1) (m,n)=z (km-+lIn,kn+1Im), etc.
Next, =g on Z x (Z — {(0,0)}) is defined by (k,l) =¢ (m,n) <> kn = Im.
Then, a pair with the smallest code in each equivalence class of =g is called a rational

number, and denote the set of all such numbers by Q. The operations on Q are defined as

(k, 1) + (m,n) =q (kn +1Im,in), (k1) - (m,n) =g (km,In), etc.
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e A sequence of rational numbers {g,} is called a real number, {¢,} € R, if it satisfies

Vnvi(lgn — gy <277).
The equality = and inequality < on real numbers are defined as

{pn}:{Qn} A vn(|pn - Qn| < 2—n+1)7
{pn}t<{an} < In(gn — pn > 27n+1)-

It is easy to see that for any two reals {p,} and {g,}, exactly one of the following holds:

{pn} = {Qn}y {pn} < {qn} or {QH} < {pn}

The sum of reals {p,} and {g¢,} is defined as {p,}+{gn} = {Prn+1 + qnt+1}-
The product of reals {p,} and {g¢,} is defined as {pn}{¢.} = {Prn+m * Gtm},
where m is the smallest natural number such that max(|po|, |qo|) + 1 < 2™~ 1.

Summary
It is provable in RCA( that (R, +,-,0,1,<,=) is an Archimedean ordered field. j
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ke We define a sequence of real numbers as a function f: N x N — Q such that:

for each n, letting f,(m) = f(n,m), fn : N — Q is a real number.

The limit of {f,}, denoted lim f,,, is defined as a unique real number a such that
n—oo

Ve>03nVi(la — frnti] <e).

Theorem 2.1 (Nested interval property of R)

It is provable in RCA( that if {a,,} and {b,} are two sequences of real numbers such that
ap, < apt1 < bpyr < by(forall n), and lim |a, — b,| =0,
n—oQ
then there exists a real number ¢ such that ¢ = lim,,_, a,, = lim,_, b,,.

Theorem 2.2 (Uncountability of R)

It is provable in RCAq that for any sequence of real numbers {a,}, there exists a real
number ¢ such that Vn(a, # c).
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A set ® C Q* that satisfies the following conditions is called the code for a continuous
function f : dom f(C R) — R.

(1) (pg,r,s) €@ = p<qgAT <35,
(2) (p,q,r,s),(p’,q’,r’,s')eCIJ,p’<q/\p<q’ = r'<sAr <.
In(2),p <gAp<dis(p,q)N®,q¢)# T, and ' <sAr<s'is[r,s]N[r, s # 2.

Intuitively, (p,q,7,8) € ® meansVz(p <z < qg—r < f(z) <s).
A real number x belongs to the domain of a continuous function f coded by @, if

Vn3(p,q,r,8) € P(p <z <gAs—r <27 "), denoted z € domf.

It is provable in RCA( that if € domf, there exists a unique real y such that
V(p,q,r8) € P(p<ax<qg—r<y<s). We denote this y as f(x).

Theorem 2.4 (Intermediate Value Theorem)

The following is provable in RCAq. Given a continuous function f such that its domain
includes [0,1] and f(0) < 0 < f(1), there exists an « € [0,1] such that f(z) = 0.



Logic and

Foundations §3 . ACAQ
Definition 3.1

The system of arithmetical comprehension axioms (ACAj) is RCA( extended with
(I} -CA) : 3XVn(n € X < ¢p(n)), where ¢(n) is a I} (arithmetical) formula with no
free occurrence of X.

Lemma 3.2

ACA, is a conservative extension of Peano Arithmetic PA.

Lemma 3.3

In RCAy, the following are equivalent:
(1) ACAy, (2) (29-CA), (3) The range of any 1-1 function f : N — N exists.

Theorem 3.4

Each of the following propositions is equivalent to ACAg in RCA:
(1) Bolzano-Weierstrass Theorem, (2) Every Cauchy sequence converges,
(3) Monotone Convergence Theorem: Every bounded increasing sequence converges.
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Trees and paths

Despite the necessity of ACA for the completeness of real numbers, many important
theorems in analysis can be proved in a weaker system WKL, and moreover they often
turn out to be equivalent to it.

First, we introduce necessary concepts to define the system WKL,.

(A code s (€ N) for) a function f: {i € N:i <n} — N (where n € N) is called a finite
sequence of length n = leng(s). Particularly, finite sequences that only take values 0 or 1
are called binary sequences, and the set of binary sequences is denoted by Seqs.

A subset T' of Seq, is called a tree, if it is closed under initial segments, i.e.,
Vs, t (s€Sequ ANs CtAteT = seT),

where s C ¢ means Vi < leng(s)(s(i) = t(4)).

A subset of a tree T that is itself a tree and has no branches (i.e., for any two elements,
one is an initial segment of the other) is called a branch or path of T.

An (infinite) path through T is also expressed as a function g : N — Seq, such that
9(0) =@, g(n) Cg(n+1) €T and -3t (g(n) St S g(n+1)) for all n € N.
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Definition 3.5

Weak Konig's lemma asserts that every infinite subtree of Seq, has an infinite path. The
system obtained from RCA( by adding this as an axiom is called WKL,.

To show the existence of a specific path through a given infinite tree such as the left-most
path, we need ACAq, which is properly stronger than WKLg, as we will see later. We first
show that WKL, is strictly stronger than RCA.

Lemma 3.6
In RCAg, WKLy is equivalent to the following statement:

(29-SP) : Vn(p(n) — 9(n)) — IXVn{(p(n) = ne€ X)A(ne€ X — (n))},
where ¢(n) is X9 and 1 (n) is I19, neither containing X as a free variable.

SP stands for the Separation Principle. Note that in the above, replacing the premise
Vn(e(n) — ¥(n)) with ¥n(i(n) <> 1(n)) leads to the A comprehension axiom.
That is, WKL, is obtained from RCAq by replacing (A} -CA) with (X9 -SP).
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Foundations

X Torele Given two XY formulas g(n) and ¢y (n) with
Yn(po(n) = —p1(n)), or equivalently ¥n—(po(n) A ¢1(n)).
Assume p;(n) = Imb;(m,n), where 0;(m,n) € X5. Then, define a set T' C Seq, as follows
teT < Vm,n <leng(t)[(fo(m,n) = t(n) =0) A (01(m,n) — t(n) = 1)].

It is easy to see that T forms an infinite tree, and so by weak Konig's lemma, there exists
an infinite path f. Finally, setting X = {n: f(n) = 0}, we clearly have

Yn{(go(n) = n e X)A(ne X — —pi(n))}.

Conversely, we prove weak Konig's lemma from the X9 Separation Principle.
Fix any infinite tree T' C Seqy. For i = 0,1, let ¢;(s) denote the ¥ formula expressing

“s € Seqy and the set {t € T': s"'i C ¢t} is finite".

Here, s"'i denotes the binary sequence s followed by i, that is, s U {(leng(s),i)}. “Tree T”
is finite” can be expressed as 7" N {0, 1}" # & for some sufficiently large n, which can be
written as a ©{ formula.
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Now, let ¢;(s) = Imb;(m, s) with 6;(m,s) € 39, and modify them as

0o (s) = Im(o(m, s) AVk < m—01(k,s)),

¢1(s) = Im(01(m, s) AVE < m=bo(k, 5)).
Since Vn—(pp(n) A ¢} (n)), or Vn(py(n) — —¢'(n)), the X9 Separation Principle ensures
the existence of X such that Vn{(¢((n) = n e X)A(n e X — —¢i(n)}.

Using X, we recursively define an increasing sequence of binary sequences sy C s1 C --- as
follows: Let sy be the empty sequence. If s,, € X, then

o sp {1} ifs, € X,
e sn"{0} ow.

We show by induction that for all n, T,, = {¢t € T : s,, C t} is infinite. So in particular, it's
easy to verify that s,, € T. Thus, f = {s,} forms an infinite path through 7. a



Logic and
Foundations

K. Tanaka

With the above lemma, the following is straightforward.

Corollary 3.7
WKL, is strictly stronger than RCAy.

Proof Let Rec be the set of recursive subsets of w. Then, (w, Rec) is the minimal model
of RCAy, but it is not a model of WKLy, since as shown below, there are two disjoint ¢
sets A and B that are recursively inseparable.

Let A and B be defined as follows:

A={"0"|RF o} (the set of Godel numbers of the theorems of R)
B={"07|RF -0} (the set of Gddel numbers of the negations of the theorems of R)

Then, by way of contradiction, we assume the existence of a recursive set C such that
AcCc B
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Since C is a recursive, by theorem in Ch.4, there exists ¥ formula ¢(z) such that

neC —RF(n)
n¢C — RF —p(R)
By Diagonalization Lemma in Ch.4, there exists a fixed point o for —p(z) such that

T07¢C - RF-¢(0) = RFo—T0€ A

fe7eC—-RF@(Tc) > REF-0c—"Tc"€B,

Then, C does not separate A and B.

Therefore, (£9-SP) does not hold in (w, Rec).
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An open interval with rational endpoints p,q (p < q) is represented by the code of the
pair (p, q).

An open set of R is defined (encoded) as a set of codes of open intervals.

Now, we say that an open set U of R covers the closed unit interval [0, 1], if for any real
number x € [0, 1], there exists a code (p,q) € U such that p < z < q.

The Heine-Borel (Covering) Theorem asserts that if an open set U covers the closed
interval [0, 1], then there exists a finite subset U’ of U that also covers [0, 1].

We show that this theorem is equivalent to WKLg over RCAg. First, we show ...
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Lemma 3.8
The Heine-Borel Theorem is provable in WKL,.

Proof For each s € Seq,, we associate an open interval (as, bs) such that
(1) 1
as = Z 21417 bs = as + 9leng(s)
i<leng(s)
We can easily see that if s C ¢, then (at,b:) C (as, bs).
Now, take any open covering U of [0, 1]. Let's denote the open interval with code i as
(pi,qi)- Then, define a tree T' C Seq, as follows:
seT + —Fi<leng(s)(i € UAp; < as <bs <q;).

We show that 7" has no infinite path.



Logic and
Foundations

K. Tanaka

By way of contradiction, we assume that there exists a path f C T, where
seT < Vi<leng(s)(i € U — las,bs]  (pi,qi))-

By the nested interval property, there exists a (unique) real number x such that

as < x < by for all s € f. Since the open set U covers [0, 1], there exists some i € U such
that the real number x is contained in the open interval (p;, ¢;). Then, there exists an

s € f with sufficient length such that p; < as < z < bs < g;, which implies s € T', a
contradiction.

If T has no infinite path, then by weak Konig's lemma, T is a finite set. This means that
there exists a sufficiently large n such that all sequences belonging to 7" have a length
shorter than n. Thus,

Vs(leng(s) =n — Fi<n(i € UAp; < as < bs < q;))-

Therefore, {i € U : i < n} forms a finite covering of [0, 1]. O
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Theorem 3.9
In RCAg, the Heine-Borel Theorem is equivalent to WKL,.

Proof We have already shown that the Heine-Borel Theorem holds in WKLy. Now, we
assume the Heine-Borel Theorem and derive the weak Konig's lemma.

First, let's discuss the idea behind the proof. The Heine-Borel Theorem implies the
compactness of [0, 1], which leads to the compactness of the ternary set (a closed set)

{ng | fe{o, 2}N}

=0

and hence also the compactness of the Cantor space {0, 1}" since it is homeomorphic to
the ternary set. Finally, the compactness of {0, 1} implies WKL,.
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For preparation, for each s € Seq,, we associate the rational open interval (as, bs) defined

as follows: 25(i)
s(1
=) i1’

i<leng(s)

1
bs =ags + 731cng(s) .

Let s™¢ simply denote the binary sequence s followed by ¢ = 0,1, i.e., s U {(leng(s),%)}.

Then, the closed intervals [asng, bsno] and [asn1, bsn1] respectively become the left and
right thirds of the closed interval [as, bg].

Thus, for any real number = not belonging to the ternary set, there exists exactly one open
interval (bsno, asn1) containing it. Especially,

U{(bsﬁo,asm) | s € Seq, }

is the complement of the ternary set.
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Furthermore, for each s € Seq,, define

o —aq L
s S 3leng(s)+1’
1
/o
bs = b, + gleng(s)+1"

Then, for any real number  in the ternary set, there exists a unique f € {0,1}" such that:
for any finite initial sequence s C f,x € (a},b,). Note that two open intervals (al,?}) and

s Vs

(a}, b}) intersect only if either s or t is an initial segment of the other.

Now, let's consider any (nonempty) tree T' C Seq, without infinite paths and show that T
is finite.

Let B be the set of minimal binary sequences not in T', that is,

seBes¢TAVECs(t#s—teT).

It's clear that any infinite path f C Seq, shares exactly one element s € B and s C f.



Logic and
Foundations

K. Tanaka

Thus, if we set

U= U{a b)) sGB}UU{(bSnO,aSml):sESeq2},

then, it forms an open cover of [0, 1].
By the Heine-Borel Theorem, there exists a finite subcover U’.

Since for any s € B, (a},b,) does not intersect with any other (a},b;) € U and is not a

subset of [ J{(bsno, asn1) : s € Seqy}, U’ must contain {(a},b,) : s € B}. Therefore, B is
finite.

Since T is obtained from the set of all initial segments of elements in B by removing the
elements of B, it is also finite. O
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The Heine-Borel property of [0, 1] allows us to derive various properties of continuous
functions f : [0,1] — R.

Lemma 3.10

In WKLy, a continuous function f : [0,1] — R is uniformly continuous.
Proof Fix any n € N. We want to show the existence of d > 0 such that
Ve,y € [0,1(|z —y |[<d =] f(z) - fy) [<277).

Let F' be the code for the continuous function f, and denote the open interval with code @
as (pi, q;). Then, define the open set U as follows:

1eU & 3] < i((pi,qi,pj,qj) e FFA q; —p; < 2—n—1).

First, we show that U is a covering of [0, 1]. For any real number x € [0, 1], since
x € domf, there exists (py, qx,pj, q;) € F, such that

pk<x<qk/\qj—pj<2’”’1.

Furthermore, there are infinitely many ¢ such that py < p; < < ¢; < qx, so taking such
an i > j, we have i € U with p; < x < ¢;. Therefore, U forms an open covering of [0, 1].



Logic and
Foundations

K. Tanaka

By the Heine-Borel Theorem, U has a finite subcover U’.

Let d be the minimum width ¢; — p; among the intervals (p;, ¢;) in U’. We shall show that
this d satisfies the uniform convergence condition.

Now, choose any real numbers z,y € [0, 1] such that |  — y |< d. Then, there must exist
intervals (p;, ¢:), (pir, qir) in U’ such that © € (p;,q;), ¥ € (pir, ) and they have a
common point z.

Otherwise, take an interval (p;,q;) 2 « in U’ with maximum g¢;, and an interval

(pir,qi) 2y in U’ with minimum p;. If there is no common point, ¢; < p;. Since U’ is a
covering, there exists ¢; € (pg, qx) in U’. By the maximality of ¢;, ¢ (px,qx). From

lgx — p| > d > |x — yl|, we have y € (pg, gx), which contradicts with the minimality of p;.

By the definition of U, we have | f(z) — f(2) |[< 27 Y and | f(y) — f(2) |[< 27"}, thus
| f(z) — f(y) |< 27™, which fulfills the lemma. O
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Lemma 3.11

In WKLy, a continuous function f : [0, 1] — R attains a maximum value.

Proof First, we show that the supremum M of the range of f exists.

As in the proof of the previous lemma, we define U by a X{ formula:
i€ U« 3 <i((pigirpja5) € FAgy —p; <2777,

We can finitely calculate whether or not a given finite set of open rational intervals covers
[0,1]. Therefore, by arranging all finite subsets of U and checking sequentially whether
they cover [0, 1], we eventually obtain a finite subcover U’. That is, in WKLy, we can
construct a function extracting U’ according to n.

For each i € U’, select j; < i such that (p;, ¢i,pj:,q5,) € F Aqj, —pj; <2771, and let
M,, = max{q;, : i € U'}. Then, {M,} itself is a real number, and it is clear that it is the
supremum M of the range of f.
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What remains is to show that the existence of a point = a such that f(a) = M. For the
sake of the following argument, we redefine M,, = max{p;, : i € U'}. This ensures that for
any n, M,, <M = {M,}.

By way of contradiction, assume that f(z) < M for all € [0,1]. Then, we define an open
set V as follows:

1eVedi<idn< i((pi,qi,pj,qj) S F/\Qj < Mn).

To show that this set forms a covering of [0, 1], take any real number x € [0, 1]. Since
f(z) < M, there exists n such that f(x) < M, < M, and hence there exists
(Pks 9k, Pj,q5) € F and n such that

P < < gk /\ijf(I)SQj<MnSM~

As there are infinitely many i such that p, < p; < & < ¢; < g, taking i > j,n ensures
i € V with p; < & < ¢;. Therefore, V forms an open covering of [0, 1].

Again, by the Heine-Borel Theorem, V has a finite subcover V’. Let M’ be the maximum

of ¢; for (p;,q;) in V'. Then, by the definition of values of a continuous function, obviously
M’ is an upper bound of the range. However, due to the finiteness of V’, for some n,

M’ < M,, < M, which contradicts the fact that M is the supremum. O
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Conversely, the properties described in the two lemmas above allow us to derive WKL,.
In sum, the following theorem holds:

Theorem 3.12

The following assertions are pairwise equivalent in RCAy:

(1) WKL,

(2) A continuous function f : [0,1] — R is uniformly continuous,

(3) A continuous function f : [0,1] — R is bounded,

(4) A bounded continuous function f : [0,1] — R has a supremum,

(5) A continuous function f : [0,1] — R that has a supremum attains its maximum value.

K. Tanaka

Proof By Lemmas 3.10 and 3.11, we can deriving (2), (3), (4), and (5) from (1). Hence,
it suffices to obtain counterexamples for (2), (3), (4) and (5) from the negation of (1).
Now, assume the negation of (1). Then, there exists an infinite tree T' C Seq, without

infinite paths.
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As shown in the proof of Heine-Borel's theorem, for each s € Seq,, define the two rational

numbers as and b, as follows:
3 s(i)
as - 2i+1 b

i<leng(s)

1
bs = Qg -+ 72leng(s) .

Let B be the infinite set of all minimal binary sequences not in T,

s€EBes¢TAVECs(t#s—teT)

and J be the set of closed intervals [as, bs] for all s € B.

Each real number x € [0,1] is either an interior point of exactly one interval in .J or an
endpoint of one or two intervals. Such an infinite set J is called a singular closed cover.
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We will construct a counterexample for (3) using this singular closed cover J. This also
serves as a counterexample for (2) since (2) implies (3). We define a continuous function
fs for each interval [as, bs] in J as follows:

@) leng(s) 2((1?:;:) ifas <z < —asgb%
s\x) =
leng(s)%gbfbr) if asgbs <z < bs.

That is, fs takes 0 at the endpoints x = as, bs, takes leng(s) at the midpoint x = %

and is linearly interpolated otherwise.

Let f be a function obtained by composing all such functions fs. Then, it is clearly
continuous but unbounded. (It is left as an exercise for the reader to construct a
continuous function code for f. )



Logic and

Fovadnos — WKLy — = (5) a maximum value.

K. Tanaka

A counterexample for (5) can be constructed in the way similar to that for (3) in the
previous slide. We just replace the maximum value of f, from leng(s) to 1 — 27'e"8() 35

follows:
(1— 2—1eng(s))2((lLJrZ%) ifa, <z < %7
fol@) = -
(127 lems())2bazt) i aathe < 5 <,

Then, a composed function f clearly has 1 as its supremum, but it can not attain the
maximum value 1 in [0, 1].
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Recall:

Theorem 3.4.
(RCAg F) ACAy < (5) Every bounded increasing sequence of reals has a supremum. ]

Negating WKL(, we have the negation of ACAg, which implies the existence of a bounded
increasing sequence of rational numbers {c,,} that lacks a supremum.

Then, replace the maximum value of f; with cjepng(s) and proceed similarly.

Arde)  fg, <o < Geibe
s = f— 2

Cleng(s) a5 +bs 5

fs(x) =

2(bs—=x . s+bs
Cleng(s) <§«s+bs) if a; <z < b,

HW Problem # 5-3

Show that in the theorem 3.12 (4) and (5), " continuous function” can be replaced with
"uniformly continuous function”. Hint: It is beneficial to use a singular closed cover for
the ternary set.




Thank you for your attention!



	
	

