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Logic and Foundations� �
• Part 1. Equational theory

• Part 2. First order theory

• Part 3. Basic Model theory

• Part 4. First order arithmetic and incompleteness theorems

• Part 5. Models of first-order arithmetic

• Part 6. Second order arithmetic and reverse mathematics� �
Part 5. Schedule� �
• Nov. 5, (0) Nonstandard models and Overspill

• Nov. 7, (1) The omitting type theorem

• Nov.12, (2) Recursively saturated models

• Nov.14, (3) Friedman’s theorem

• Nov.19, (4) Resplendency� �
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Part 5, §1. Non-standard models (Recap)

• A non-standard model of IΣ0 cannot be recursive, even if it is countable
(Tennenbaum’s theorem). However, its ordered structure is relatively simple.

• Let A be a model of IΣ0. Then, < is a discrete linear order on A.

• A includes the standard part N as an initial segment, i.e., any non-standard element
a ∈ A is greater than any standard numbers.

• Now, for two elements a and b of A, we define a ∼ b if |a− b| ∈ N. The equivalence
class [a]∼ of the non-standard element a is the set of elements represented by
a± n (n ∈ N). Therefore, its order type is isomorphic to the order of integers.

• To sum up, the order type of A is illustrated as follows.

main : 2019/4/16(19:6) K

156 第 5章 1階算術の超準モデル

5.1 超準モデルと過剰原理

本節では，算術の超準モデルの一般的な特徴，とくにその順序構造の性質

について述べる．IΣ0 の超準モデルは，可算であっても再帰的に定義できな

いこと（テンネンバウムの定理（文献 [34]））が知られており，その構造を完璧

に記述することは不可能である．しかし，順序構造だけを取り出して眺めて

みると，比較的単純でわかりやすい形になっている．

LOR 構造 Aを IΣ0 のモデルとする．Aは PA− のモデルにもなっているの

で，<は A上の離散的な線形順序である．Aは，各数項 nに対する元を含

んでいるから，それを標準自然数 nと同一視すれば，Aは標準構造 Nを部

分構造として含んでいると考えられる．しかも，¬∃x (n < x < n+ 1) が

成り立っているので，標準自然数 n以外の元 aを Aが含めば，それは Nの

どの元よりも大きい．このような元 a を超準元（non-standard element）と

か無限大元（infinite element）という．超準元を含む算術のモデルを超準モデ

ル（non-standard model）という．

いま，Aの 2つの元 a, bに対し，|a− b| ∈ Nのとき a ∼ bとして，同値関

係∼を定める．超準元 aの同値類 [a]∼は，a± n (n ∈ N)で表される元の集

合になるから，その中の順序型は整数の順序と同型である．以上から，A全

体の順序型は，次のような形になる（図 4）．

N

0 1 2 ···

Z

· · · · · · · · · · · · · · ·
Z

···b−1 b+1···b···a−1 a+1···a

図 4 算術の超準モデルの順序型

つまり，Aの順序型は，ηをある線形順序として，

N+ Z • η

で表される．ηは (A−N)/∼ の順序型である．ηが最大元をもたないことは，
[a]∼ < [a+a]∼より明らかで，ここまではPA−のモデルにもいえることである．

Figure: The order type of a non-standard model of arithmetic
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Theorem 1.1

• The order type of a non-standard model of PA− is N+ Z • η, where η is a linear
ordering without a maximal element.

• The order type of a non-standard model of IΣ0 is N+ Z • η, where η is a dense linear
order. In particular, the order type of a countable non-standard model of IΣ0 is
N+ Z •Q.

Example 1� �
Let Z[X] be the set of polynomials in variable X with integer coefficients.
For p ∈ Z[X], we set p > 0 if its highest order coefficient is positive. Define the order
p > q by p − q > 0. Then Z[X]+ := {p ∈ Z[X] : p ≥ 0} is a non-standard model of
PA−, but not a model of IΣ0.� �

Lemma 1.2

Let n ≥ 0. In any non-standard model A of IΣn, N cannot be defined by a Σn formula.
That is, there is no Σn formula φ(x) such that i ∈ N⇔ AA |= φ(i).
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Theorem 1.3 (Overspill principle)

Let n ≥ 0 and A be any non-standard model of IΣn, and φ(x) be any Σn formula.
If AA |= φ(i) holds for infinitely many i ∈ N, then there exists a non-standard element a
such that AA |= φ(a) holds.

Proof. By way of contradiction, assume AA |= ¬φ(a) for any non-standard element a ∈ A.
Take any non-standard element b ∈ A. Then a Σn formula
ψ(x) ≡ ∃y < b (x < y ∧ φ(y)) defines N, which contradicts with the above lemma.

It is easy to generalize the above theorem as follows. Let A be any non-standard model of
IΣn, and φ(x) be any Σn formula. If a proper subset S of the domain A is closed under
x+ 1 and it contains cofinally many elements satisfying φ(x), then there exists an element
outside of S also satisfying φ(x).
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§5.2. The omitting type theorem

• From now, we will consider how to build a new model by extending a given
non-standard model without inserting a new element into the original part.

• To extend a given structure by using the completeness theorem, it is sufficient to show
that the elementary diagram of the structure is consistent with the existence of a
desired element satisfying some condition (which is called “type” here). However, such
a method may bring many unexpected elements to the structure.

• The omitting type theorem gives us a method to extend a given structure while
omitting elements with a specific condition (type).
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Definition 2.1

• Let L be any language.

• A set Φ(x⃗) of L-formulas that have no free variables other than the n variables
x⃗ = (x1, · · · , xn) is called an n-type, or simply a type.

• If n elements a⃗ = (a1, · · · , an) of L-structure A satisfies all formulas φ(x⃗) in Φ(x⃗)
(i.e., AA |= φ(⃗a)), we say that A realizes Φ(x⃗) by a⃗.

• If A does not realize Φ(x⃗) by any a⃗, we say that A omits Φ(x⃗).

Definition 2.2

• Let T be a theory in language L.
• A type Φ(x⃗) is called a type of theory T if T ∪ Φ(⃗c)(⃗c are new constants) is
consistent. That is, there exists a model of T that realizes Φ(x⃗).

• Let A be an L-structure, and C a subset of the universe of A. A type over C in a
structure A is a type of theory Th(AC) in language LC . A type over C = ∅ is simply
called a type.



Logic and
Foundations

K. Tanaka

Non-standard
models

The omitting
type theorem and
end-extension

Recursively
saturated models

8

Lemma 2.3

Let A be an L-structure, and C a subset of |A|. The following conditions are equivalent.

(1) Φ(x⃗) is a type over C in a structure A.

(2) Φ(x⃗) is a type in the language LC , and the following condition (finite satisfiability)
holds: For any finite number of φ1(x⃗), · · · , φk(x⃗) ∈ Φ(x⃗),

AC |= ∃x⃗(φ1(x⃗) ∧ · · · ∧ φk(x⃗)).

Proof.

• Assuming (1). Let Φ(x⃗) is a type of theory Th(AC) in language LC , and so there
exists a model B of Th(AC) that realizes Φ(x⃗). Obviously, the finite satisfiability of
Φ(x⃗) holds in B, and since AC and B are elementary equivalent, Φ(x⃗) has also finite
satisfiability in AC . Therefore, (2) holds.

• Next, assume (2). By the compactness theorem, Th(AC) ∪ Φ(⃗b) is consistent and has
a model B. B is a model of Th(AC) and realizes Φ(x⃗). Therefore, Φ(x⃗) is a type of
theory Th(AC) in the language LC . That is, (1) holds.
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Example 3� �
• Φ1(x) = {∃y(x = y + y), 2 < x, x < 5} and Φ2(x) = {n < x : n ∈ N} are types
(on C = ∅) in the standard structure of arithmetic N.

• N realizes Φ1(x) by 4, but omits Φ2(x).

• However, since any non-standard model of Peano arithmetic PA realizes Φ2(x) by
an infinite element, Φ2(x) is a type of PA.� �
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Definition 2.4

• A type Φ(x⃗) in L is called a principal type of theory T , if there exists a formula ψ(x⃗)
in L such that T ∪ {∃x⃗ψ(x⃗)} is consistent, and for any φ(x⃗) ∈ Φ(x⃗),

T ⊢ ∀x⃗(ψ(x⃗)→ φ(x⃗)).

• In this case, we say that ψ(x⃗) generates Φ(x⃗) in T .

• A non-principal type of T is a type of T but not principal.

• A type Φ(x⃗) over C(⊆ A) in an L-structure A (i.e., a type of theory Th(AC) in LC)
is a principal type, if it is a principal type of theory Th(AA) in language LA.

Any L-structure A realizes any principal type Φ(x⃗) of it. (∵) If ψ(x⃗) generates Φ(x⃗), then
by definition Th(AA) ∪ {∃x⃗ψ(x⃗)} is consistent. Since Th(AA) is a complete theory, it
includes ∃x⃗ψ(x⃗) and so AA |= ∃x⃗ψ(x⃗). Therefore, Φ(x⃗) is also realized in A.

Example 4� �
Since Φ(x) = {n < x : n ∈ N} is omitted by the standard model N, it is a non-principal
type in N. On the other hand, in a non-standard model, ψ(x) ≡ x > a generates Φ(x)
if a is any infinite element, so Φ(x) is its principal type.� �
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We now prove that there is a model of T that omits any non-principal type of T .

Theorem 2.5 (The omitting type theorem)

Let L be a countable language and T be a consistent theory in a language L. Given
countably many non-principal types Φi(x1, · · · , xni) of T (i ∈ N), then there is a
countable model of T that omits all Φi.

Proof. Let T be a consistent theory in a countable language L, and Φi(x1, · · · , xni
)

(i ∈ N) be its non-principal types. By modifying Henkin’s proof of Gödel’s completeness
theorem, we will construct a countable model of T that omits all Φi. That is, we will build
a complete Henkin expansion Tω of T with the following property: for a countable set C of
Henkin constants (new constants not in L),

∀i ∀c⃗ ∈ Cni ∃φ(x⃗) ∈ Φi(x⃗) ¬φ(⃗c) ∈ Tω. (※)

By the proof of the completeness theorem, if we define a countable structure A from C,

∀i ¬∃a⃗ ∈ Ani ∀φ(x⃗) ∈ Φi(x⃗) AA |= φ(⃗a),

which means that A omits all Φi.
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• Tω will be obtained as the limit of a countable sequence T = T0 ⊆ T1 ⊆ · · · of
consistent theories. To define Tm (m = 0, 1, · · · ), we first enumerate all the sentences
in the language LC = L ∪ C and denote it as {σm}. Then, also enumerate
{(i, c⃗) : i ∈ N, c⃗ = (c1, · · · , cni

) ∈ Cni} as {γm}. Note: (i, c⃗) expresses Φi(⃗c).

• Using these two infinite sequences {σm} and {γm}, we inductively define Tm.

• Now, suppose that Tm is defined, and Tm+1 is obtained from Tm by adding at most
three sentences according to the following conditions:� �

(1) If Tm ∪ {σm} is consistent, let T ′
m+1 = Tm ∪ {σm}, otherwise let T ′

m+1 = Tm.

(2) If Tm ∪ {σm} is consistent and σm is in the form ∃xθ(x), then let
T ′′
m+1 = T ′

m+1 ∪ {θ(d)} with an appropriate Henkin constant d ∈ C (not
appearing in T ′

m+1). Otherwise, let T
′′
m+1 = T ′

m+1.

(3) For γm = (i, c⃗), choose φ(x⃗) ∈ Φi(x⃗) such that T ′′
m+1 ∪ {¬φ(⃗c)} is consistent,

and let Tm+1 = T ′′
m+1 ∪ {¬φ(⃗c)}.� �

(1) and (2) are used in the proof of completeness theorem to make Tω a complete Henkin
extension of T . If (3) holds, it is clear that Tω satisfies the desired property (※), so the rest
is to show we can obtain φ(x⃗) ∈ Φi(x⃗) satisfying (3).
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� �
(3) Let γm = (i, c⃗). There exists φ(x⃗) ∈ Φi(x⃗) s.t. T

′′
m+1 ∪ {¬φ(⃗c)} is consistent.� �

• To show (3) by contradiction, suppose that for every φ(x⃗) ∈ Φi(x⃗), T
′′
m+1 ∪ {¬φ(⃗c)}

is inconsistent. Since T ′′
m+1 − T is a finite set, we take the conjunction ∧ of all its

elements and denote it as δ(⃗c, d⃗). Here, d⃗ is a sequence of Henkin constants other
than c⃗ included in δ.
• Then, for every φ(x⃗) ∈ Φi(x⃗),

T ⊢ δ(⃗c, d⃗)→ φ(⃗c).

• Since d⃗ do not appear in T or φ(⃗c), they can be treated like free variables, and so

T ⊢ ∃y⃗ δ(⃗c, y⃗)→ φ(⃗c).

• Since c⃗ does not appear in T ,

T ⊢ ∀x⃗(∃y⃗ δ(x⃗, y⃗)→ φ(x⃗)).

• Since δ(⃗c, d⃗) is consistent with T , ∃x⃗∃y⃗ δ(x⃗, y⃗) is also consistent with T . Since
∃y⃗ δ(x⃗, y⃗) generates Φi(x⃗), we get a contradiction with the assumption Φi(x⃗) is a
non-principal type.



Logic and
Foundations

K. Tanaka

Non-standard
models

The omitting
type theorem and
end-extension

Recursively
saturated models

14

As an application of the above theorem, we show that any countable model of PA has a
proper elementary end-extensions defined below. A similar theorem also holds for set theory.

Definition 2.6

Let L be any language containing a binary relational symbol <. Let A, B be two
L-structures such that B is a substructure of A.
A is an end-extension of B, or B is an initial segment of A if the following holds, which is
denoted as B ⊆e A.

(b ∈ |B| ∧ A |= a < b)⇒ a ∈ |B|.
If B is an elementary substructure of A, and A is an end-extension of B, then A is called
an elementary end-extension of B.

In arithmetic, we usually interpret the symbol < as the ordinary < relation.
In set theory, < is interpreted as ∈ or ⫋, but it should be noted that ∈ does not satisfy the
transitivity law.
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Definition 2.7 (c.f. Definition 3.1 in Part 4)

In a language L with a relation <, the following schema is called collection principle:

∀x < u∃y1 · · · ∃ykφ(x, y1, · · · , yk)→ ∃v∀x < u∃y1 < v · · · ∃yk < vφ(x, y1, · · · , yk).

where φ(x, y1, · · · , yk) is any formula in L, and may include variables other than v.

• The fact that the collection principle holds in PA as in the last part.

• In set theory, when < is interpreted as ∈, it is kind of Fraenkel’s axiom (called the
“collection principle” or the “replacement axiom”). In fact, the collection principle of
arithmetic is an imitation of this Fraenkel axiom.
Even if we interpret < as ⊊ in set theory, the collection principle can be proven (in ZF
set theory).
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Theorem 2.8

In a countable language L containing a binary relation symbol <, a countably infinite
structure that satisfies the collection principle and the transitivity law has a proper
elementary end-extension.

Proof.

• Let A be a countable infinite structure in a countable language L containing < which
satisfies the collection principle and the transitive law.

• First, consider a special case where A |= ∀x∀y(x ̸< y). Then, construct a proper
elementary extension B of A by the compactness theorem or any other methods.
Since B also satisfies ∀x∀y(x ̸< y), it is an end-extension in a trivial sense.

• Next, we assume that there exist two elements d and e such that AA |= d < e.

• Then, for a finite number of a1, · · · , ak ∈ A, there is a0 ∈ A such that
a1 < a0, · · · , ak < a0. This follows from the collection principle by letting
φ(x, y1, · · · , yk) be y1 = a1 ∧ · · · ∧ yk = ak and u = e, x = d.
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• Let c be a constant that does not belong to LA, and T be the following theory in
LA ∪ {c}.

T = Th(AA) ∪ {a < c : a ∈ A}.
• We can show this theory has a model by the compactness theorem. Any finite subset
of T has a model AA with an appropriate interpretation of c, since for any
a1, · · · , ak ∈ A, there is a0 ∈ A such that a1 < a0, · · · , ak < a0. Therefore, T itself
has a model, which contains an infinite element (an element larger than any a ∈ A)
that is an interpretation of c, and it is also an elementary extension of A.

• However, there is no guarantee that such an expansion becomes an end-extension. To
use the omitting type theorem, for each a ∈ A, define a type Φa of LA as follows

Φa(x) = {x < a} ∪ {x ̸= b : b < a}.

• We want to show that they are non-principal types of T . By way of contradition, we
assume that for some a ∈ A, there is a formula ψ(x, c) in LA ∪ {c} that generates
Φa(x). (Note that T ∪ {∃xψ(x, c)} is considered to be consistent).
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• Take arbitrary b < a. Since
T ⊢ ψ(x, c)→ x ̸= b,

letting x = b, we have
T ⊢ ¬ψ(b, c).

• Since by the definition of T , there exist finitely many a1, · · · , ak ∈ A,
Th(AA) ⊢ (a1 < c ∧ · · · ∧ ak < c)→ ¬ψ(b, c).

• Since c does not appear in Th(AA), it can be treated as a variable, and so

Th(AA) ⊢ ∀y((y > a1 ∧ · · · ∧ y > ak)→ ¬ψ(b, y)).
• By collection, take a0 ∈ A such that a0 > a1, · · · , a0 > ak, and then by transitivity,

Th(AA) ⊢ ∀y > a0¬ψ(b, y).
Therefore,

AA |= ∃z∀y > z¬ψ(b, y).
Since b < a is taken arbitrarily,

AA |= ∀x < a∃z∀y > z¬ψ(x, y).
Note that we cannot write ∀x < a∀y > a0¬ψ(x, y) as a0 depends on b.
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• Again by collection, we obtain a′ ∈ A such that

AA |= ∀x < a∃z < a′∀y > z¬ψ(x, y).

And by transitivity, we have

AA |= ∀x < a∀y > a′¬ψ(x, y).

• Since T = Th(AA) ∪ {a < c : a ∈ A},

T ⊢ ∀x < a¬ψ(x, c), i.e., T ⊢ ∀x(ψ(x, c)→ x ̸< a).

• On the other hand, ψ(x, c) generates Φa(x) and T ⊢ ∀x(ψ(x, c)→ x < a), so

T ⊢ ∀x¬ψ(x, c),

which conradicts with the assumption that T ∪ {∃xψ(x, c)} is consistent.
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Corollary 2.9

A countable model of Peano arithmetic PA has a proper elementary end-extension.

• The above corollary can also be extended to non-countable models, which is called the
MacDowell-Specker Theorem. For more details, see Kaye’s book Models of Peano
arithmetic.

• The proof of elementary end-extension for ZF set theory can be found in Chang and
Keisler’s book Model theory. It is also known that the results of set theory cannot be
extended to non-countable cases.

Problem 2: HW # 4-2� �
Show that if a model A of IΣ0 has a proper elementary end-extension, A is a model of
PA.� �
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§3. Recursively saturated models

• Next, we want to construct countable structures that realize as many types Φ(x⃗) as
possible.

• Even if the language is countable (and so the set of formulas is countable), there can
be uncountable many types Φ(x⃗), and then it is impossible to realize all of them in
countable structures.

• This brings us to the notion of “recursive saturated model”, which realizes only the
recursive types. Using this model, we prove “Friedman’s self-embedding theorem,” a
groundbreaking discovery on countable non-standard models of arithmetic.

• In a countable language, the type Φ(x⃗) is said to be recursive if the set of Gödel
numbers of its formulas is recursive (computable).

• By an argument similar to Craig’s Lemma in last part, the class of types is essentially
the same whether they are CE, recursive, or primitive recursive.
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Definition 3.1

Let L be a countable language. An L-structure A is recursively saturated if any recursive
1-type over a finite set {a1, · · · , an} ⊆ A is realized in A, that is, any recursive type
Φ(x0, x1, · · · , xn) = {φi(x0, x1, · · · , xn) | i ∈ N} and for any a1, · · · , an ∈ A,

∀j∃a ∈ A∀i < j AA |= φi(a, a1, · · · , an)⇒ ∃a ∈ A∀iAA |= φi(a, a1, · · · , an).

Problem 3� �
Show that any finite structure is recursively saturated.� �
• The standard structure of arithmetic N is clearly not recursively saturated. However,
by the next lemma, there exists a recursively saturated countable non-standard model
that is elementary equivalent to N.
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Lemma 3.2

A countable structure in a countable language has a countable elementary extension which
is recursively saturated.

Proof.

• Let A be a countable structure in a countable language. For each recursive type
Φ = {φi(x0, x1, · · · , xn) | i ∈ N} and for each a1, · · · , an ∈ A, we add a new
constant cΦ,a1,··· ,an

to the language, and let

T1 = Th(AA)∪{∃x∀i < jφi(x, a1, · · · , an)→ ∀i < jφi(cΦ,a1,··· ,an , a1, · · · , an) :
j ∈ N and cΦ,a1,··· ,an is a new constant}.

• By the compactness theorem and the downward Löwenheim–Skolem Theorem, T1 has
a countable model A1.

• Then A ≺ A1 and A1 realizes all recursive 1-types on any finite subset of A (in A1).

• Next, we construct a countable model A2 ≻ A1 that realizes all recursive 1-types on a
finite subset of A1.
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• Similarly, we create A2 ≺ A3 ≺ A4 ≺ · · · , and denote A∞ =
⋃

k Ak.

• By the elementary chain theorem in part 3, A∞ is an elementary extension of A and is
also countable.

Elementary chain theorem, revisit� �
Let A0 ≺ A1 ≺ · · · be an elementary chain. Let A be the union of the elementary
chain. Then for each i, Ai ≺ A.� �

• To see that A∞ is recursively saturated, we arbitrarily select a finite number of
elements from A∞ and consider a recursive type over them.

• It is a type over Ak for a sufficiently large k, and is realized by Ak+1, and also by its
elementary extension A∞.
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Thank you for your attention!
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