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~
e Part 1. Introduction to Theory of Computation
® Part 2. Propositional Logic and Computational Complexity
® Part 3. First Order Logic and Decision Problems
® Part 3a. Formal Arithmetic
J
~ Part 3a. Schedule (subject to change) N
® Nov.21, (6) Presburger arithmetic
® Nov.26, (7) Peano arithmetic
® Nov.28, (8) Godel’s first incompleteness theorem
® Dec. 3, (9) Godel's second incompleteness theorem
® Dec. 5, (10) Second order logic
® Dec.10, (11) Second order arithmetic
- )
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kb Definition 3.38 (Peano arithmetic PA)
e PA is a first-order theory in the language Lor = {+,, 0,1, <} consisting of:
N Successor: “(z+1=0), z+1l=y+1—-z=y.
Addition: z+0=uzx, z+@y+1)=(x+y) +1.
Multiplication: z-0=0, z-(y+1)=z-y+uz.
Inequality: —(z <0), r<y+leox<yVa=uy.
Induction: ©(0) AVz(p(x) = @(x + 1)) = Vop(x), for all formula ¢(x).

Definition 3.39 (Arithmetical Hierarchy)

e A formula is bounded (3, IIp) if its quantifiers are bounded Vz < ¢, 3z < t.
o If ©is a Y; formula, then Vi - - Ve is a 11,41 formula,
o If v is a Il; formula, then Jx; - - - i is a ¥; 41 formula.

® A Y; formula equivalent to some II; formula is called a A; formula. 3/19



Legicond — Definition 3.40 (1T)

Computation
K- Tenaka IT" is a subsystem of PA obtained by restricting induction to a class I' of formulas .

s Definition 3.41 (Robinson’s system Q)

Q is obtained from PA by removing inequality and induction, and instead adding:
Predecessor:  Va(z #0 — Jy(y +1 = x)).
It is in language L = {+,-,0,1}. Let Q< be Q plus the explicit definition of <.

Lemma 3.42 (theory of discrete ordered semirings PA™)

In 10pen, the following axioms of PA™ can be proved.
(1) Ordered semirings (commutative ordered rings with no additive inverses).
(2) Difference: x <y — 3z(z+ (x + 1) = y).
(3) Discreteness: 0 < z < 1 < z.

Corollary 3.43

Q< € PA™ C I0pen C IXy C 11 C PA. 4/19
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Godel's first incompleteness theorem

K. Tanaka

it Theorem 3.44 (3;-completeness of Q.)

Subsystems of PA

Q< proves all true Y1 sentences.

Proof
e If a 3; sentence Jx13xs ... Jxpp(x1, x2,. .., x) is true, there exist concrete
numbers ny,na, ..., ng such that p(ny,ng,...,ng) is true. Since
o(n1,Ma,...,nx) is a bounded sentence, it is provable if it is true. From the
rule of first-order logic, Iz13xo ... Jxxp(z1, 22, ..., x)) is also provable. O

® All the arithmetic systems we will discuss are extensions of Q., and thus
>i1-complete.

® Another condition for the first incompleteness theorem is 1-consistency, also
known as Y1-soundness. A theory is said to be X,,-sound if all provable X,
sentences are true.
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Subsystems of PA
First proof
Diagonalization

B
\lterna

e We first look at the first incompleteness theorem from the viewpoint of
computability theory. Then, we will reexamine the proof more syntactically.

® Recall that X C N” is called CE (computably enumerable) if it is the domain
(or range) of some partial recursive function. By Lemma 1.49, any CE relation
R(Z) can be expressed by JyS(&,y) for some primitive recursive relation S.

Definition 3.45
Let T = (N, +,-,0,1, <) be a standard model of PA.
® Aset AC N is said to be ¥; if there exists a ¥; formula ¢(z1,...,x;) s.t.

(ma,...,my) € A& 9 (L, ..., 7).

® Similarly, II; sets can be defined by II; formulas.
® A set that is both 3; and II; is called A;.

6/19



Legts e Lemma 3.46

Computation

K. Tanaka The graph {(Z,y) : f(Z) = y} of a primitive recursive function f is a A; set.

Proof
® By induction on the construction of primitive recursive functions. For example,
consider the following definition of a function f(x):

f0)=¢c, fly+1)=n(y, f(y))

® Let y(x,m,n) be a Xy formula “m(x + 1) + 1! | n". Then, for any finite set A
(with max A < u), there exist m,n s.t. Vo < u(z € A < ~v(xz,m,n)).

® Fix such m,n. Define a ¥y formula §((u1,u2)) & Vy < w13z < wus f(y) =2z
(with m, n as hidden parameters) as follows: for any u = (u1,usg),

O(u) =Vy < w3z < uz v((y,2)) AVz < uz(v((0,2)) <> z =¢)
AVy <up—1Vz <us(Y((y + 1, 2)) < 32’ < ua(z = h(y, 2") Ay({y, 2')))).
® Then YujJugIm3and({uy, uz), m,n) holds. Thus, we obtain a A; relation:

f(y) =z e Juam3n(ur =y + 1A 0(u) Ay((y, 2)))
< Yuvmn(u; =y + 1A d(u) = v((y, 2))). o 7/19
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Lemma 3.47

The CE sets are exactly the same as the Y; sets. Hence, the computable
(recursive) sets are exactly the same as the A; sets.

Proof By Lemma 1.49, any CE relation R(¥) can be expressed by JyS(&,y) for
some primitive recursive relation S. By the above lemma, S can be expressed by a
31 formula, and so JyS(Z,y) is still 3. O

Theorem 3.48 ((Weak) Representation Theorem for CE sets)

Suppose that a theory T is ¥1-complete and 1-consistent. Then, for any CE set C,
there exists a X; formula ¢(z) s.t. foranyn, neC < TF o).

Proof.
® By the above Lemma, for any CE set C, there exists a ¥; formula ¢(z) such
that n € C & MN = p(n).

e Since T is Xy-complete, N | p() = T+ p(n).

® Also since T' is 1-consistent, T F p(1) = N = ¢(n). O

8/19
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Theorem 3.49 ((Strong) Representation Theorem for Computable Sets)

Assume a theory T is Y1-complete. For any computable set C, there exists a 3q
formula p(z) sit. foranyn, neC=TF @), n¢C=TF-pn).

Proof.

® For computable C', by Lemma 3.47 there exist ¥y formulas 61 (z,y), 62(z,y)
suchthat neC & MNEJoi(n,y), ng¢C < NE Iyb(n,y).

® Let p(x) be a Xy formula y(61(7,y) AVz < y—b0s(W, 2)). By the
Yi-completeness of T, n € C =T F p(n).

¢ Toshown & C = T F —p(n), take any n & C. Since N = Jybha(m,y), there
exists an m s.t. N |= O2(n, m). Again by ¥; completeness of T', T' + 6(7, m).
Also, since M [~ Jyb1 (7, y), for all I, M = =61 (7w, 1), i.e., T F —01(m,1).
Therefore, if 61(7,a) holds in some model of T', then a is not a standard
natural number [. Thus, T'F Vy(61(7,y) — 2 <y 02(7, z)), that is,
Tk ﬁgo(ﬁ). O
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Subsystems of PA

® To derive the incompleteness theorem, we need one more condition on a
formal system of arithmetic, that is, the set of axioms is CE.

® From the following theorem, a CE set of axioms can be also expressed as a
primitive recursive set.

Theorem 3.50 (Craig's lemma)

For any CE theory T, there exists an equivalent (proving the same theorems)
primitive recursive theory T".

Proof. Let T be a CE theory, defined by Xy formula ¢(x) = 3yb(z,y) (0 is o).
Thatis, c € T &N ¢("c). "o is the Gédel number of a sentence o.
Then, we define a primitive recursive theory T” as follows:

n + 1 copies
— |
T'={ocAoA---Nog:0(c,n)}.
Then, T and T” are equivalent, since - o <> 0o Ao A---Ao. O

e T’ may not be X since it includes the Godel numbers, etc.

10/ 19
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P Theorem 3.51
S For any CE theory T', the set of its theorems {"¢: T' I o} is also CE.

hmeti

Subsystems of PA

N Proof.

. ® Recall that a proof in a formal system of first-order logic is a finite sequence of
' formulas, each formula being either a logical axiom, an equality axiom, or a
mathematical axiom of a theory T', or obtained from previous formulas by
applying MP or a quantification rule.

® From the Craig's Lemma, a CE theory T can be transformed into a primitive
recursive theory. Thus, it is also a primitive recursive relation whether (the
Godel number of) a finite sequence of formulas is a proof of T'.

® A sentence o is a theorem of T iff there exists a proof (i.e., a sequence that
satisfies the primitive recursive relation) such that o is the last formula of the
proof. Thus, the set of theorems of T"is CE. O

11/19
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Godel’s first incompleteness theorem easily follows from The halting problem K.
Theorem 3.52 (Gddel’s first incompleteness theorem)

Let T be a X1-complete and 1-consistent CE theory. Then T is incomplete, that is,
there is a sentence that cannot be proved or disproved.

Proof.
® Suppose K is CE but not co-CE. By the weak representation theorem for CE
sets, there exists a formula ¢(z) such that n € K< T F o(n).
® On the other hand, since N — K is not a CE, there exists some d such that

deN—K # T+ —p(d).
Thus, (d € K and T'+ —p(d)) or (d ¢ K and T I/ —p(d)).

® In the former case, since d € K implies T'+ ¢(d), T is inconsistent, which
contradicts with the 1-consistency assumption.

® In the latter case, T is incomplete because ¢(d) cannot be proved or
disproved.

]
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~ Exercise

N

(1) In a X1 complete theory T', show that ¥;-soundness of T" is equivalent to
the following: for any 3¢ formula ¢(z), if ¢(7) is provable in T for all n,
then Jx—p(z) is not provable in T

(2) Let A, B be two disjoint CE sets. Assume a theory T' is ¥j-complete.
Show that there exists a ¥; formula v (z) such that

ne A=TkFym), neB=TF-y).

From this, deduce that {"o": T+ o} and {07 : T F —0o} are
computably inseparable. (See Part 1-6, Slide p.21.) In particular,
{Fo7: T+ o} is not computable.

~
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From now, we will reconsider the proof of the first incompleteness theorem more
rigorously in 131, which leads us to the second incompleteness theorem.

To begin with, we remark that 13 actually enables the use of induction for the
boolean combinations of 3; formulas. For instance, to use induction for —p(x),
one may use induction for ¢(a — ) with any constant a.

Lemma 3.53 (Formal representation for primitive recursive functions)

For any p.r. function, there is a A; formula ¢(x,y) which expresses its graph, and
in 134, it is provable that Vz3lyp(x,y), where 3! means “unique existence”.

Proof. By Lemma 3.46, the graph of a primitive recursive (p.r.) function f is
expressed as a A; formula ¢(x,y). Then, Yz3lyp(z,y) is rewritten as

Vadyp(z,y) N VaVyVz(e(z,y) Ae(z,2) =y = 2),
which can be shown by 131, and by induction on the construction of ¢(x,y). O
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From the above lemma, we can see that 1X1 is a conservative extension even if we
add the symbols of the p.r. function and its definable formulas.

In other words, (in IX1) a 31 formula containing p.r. functions is rewritten as an
equivalent 3; formula without p.r. functions by replacing the functions with the
corresponding A formulas. Similarly for a A1 formula.

Lemma 3.54 (Diagonalization lemma)

Let 7" be any extension of IX;. For any formula ¢(z) in which x is the only free
variable, there exists a sentence o such that T+ “o <> ("o )" .

Proof.
® We first enumerate (primitively recursively) the formulas with only z as a free
variable as ¢o(z), p1(x),.... Then define f(n) ="y, (1), which is also a
p.r. function.
® By Lemma 3.53, there exists a A; formula x such that

f(m)=n=TF x(m,7) ANVzIyx(z,y).
15/19
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Proof (continued).

® Now given a formula v (z), consider a formula Jy(x(z,y) A ¥ (y)). Since it
only has a free variable z, it is ¢ (z) for some k.

Let o = (k) for this k. Then, f(k) ="0", so T+ x(k,"0").
Thus, in T,

P(To7) = y(x(k,y) Ab(y)) (= er(k) =0)
On the other hand, since T'+ Vz3lyx(z,y), in T,

(") = =Fy(x(k,y) A (y)) (= o).

Therefore, o is the fixed point of ¥ (T F o > ¥(Ta ). O

16 /19



Logic and
Computation

K. Tanaka

In theorem 3.51, we show that the set of theorems of a CE theory is also CE .
We here consider a formal version of this statement.

Definition 3.55

Let T be a CE theory. Based on Craig's lemma, let T” be its p.r. counterpart.
Then, “a sequence of formulas P is a proof in T"" can be defined in a p.r. way.
Thus, we define a p.r. relation Proofy as follows.

Proofy("P7,"0™) < P is a proof of formula o in T".

By Proofr, we also denote a A; formula expressing the above Proofr in 3.

A 31 formula Bewr is defined as Bewr(x) = 3y Proofr(y, ).

The formula Bewr(x) expresses that “z is the Godel number of a theorem of 7"
“Bew" stands for the German beweisbar (provable).

17 /19
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We give another proof for the first incompleteness theorem (with the additional
assumption that a theory T includes | ¥7).

Proof.

Aoy ® By the diagonalization lemma, “Bewr(z) has a fixed point, that is, there
exists o such that T'+ o <> =Bewr(To ).

e We will show this o is neither provable nor disprovable in T as follows.

® Let T+ 0. Then Bewr(To ) is true. Hence T'+ Bewr ("o ) from 34
completeness. Since o is the fixed point of —Bewr(z), we have T + —o,
which means that T is inconsistent.

® On the other hand, if T+ —o, T+ Bewp("0 ') because o is a fixed point.
Here, using the 1-consistency of 7', Bewp ("o ") is true, and so T'+ o, which is
a contradiction. O

The sentence o thus constructed “asserts its own unprovability” because

"o < Tt/ ¢" holds. This o is called the Godel sentence of T'.
18/19
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Theorem 4.1 (Godel’s first incompleteness theorem)

Any 1-consistent CE extension of | X1 is incomplete.

Further readings

® Theory of Computation, D.C. Kozen, Springer 2006.

® Mathematical Logic. H.-D. Ebbinghaus, J. Flum, W. Thomas, Graduate
Texts in Mathematics 291, Springer 2021.

Thank you for your attention!
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