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K Tonao Recap: Birkhoff’s theorems

® For an equational theory T', the following holds.
Birkhoff's completeness theorem (1935)

TEs=teTks=t.

® T=s=t<«<TF s=t (the soundness of T) is easy. Let
M be any model of T. Then we can show by induction
that all equations appearing in a proof tree for T s =1
holds in 9t. Especially the bottom s =t holds in 9.

® To show the contrapositive, we first assume Tt/ s = t, and
construct a structure 91 such that M = T and
9 £ s =t. Such a structure is obtained as the “free
algebra” generated by the variables appearing in s, t.

Garrett Birkhoff

~ Variety theorem —/

A class K of structures
is characterized by an
equational theory <
K is closed under

e subalgebras,

e homomorphisms,

e Cartesian products.

- /




Logic and

Foundation Definition
K Tenaka Let K be a class of L-algebras. 2 € K is a free K-algebra generated by X C |2 if
@ 2 is generated by X, that is, it has no proper subalgebra containing X.

@® Every map ¢ : X — |B| with 8 € K can be uniquely extended to the homomorphism
¢ A —B.

X 2

C idx
X l¢
B

An L-algebra T(X) = (Term(X), fg—(X),fZ—(X), ...) is a term algebra, if Term(X) is the
set of L-terms with variables in X and for each function symbol £ in L,

fT(X) (t07 s 7tn—1) = f(th s 7tn—1)'

Lemma
If a class of L-algebra IC contains T (X), then T(X) is a free K-algebra generated by X.
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Definition
2 |= s = t if for every homomorphism ¢ : T(X) — 2, we have ¢(s) = ¢(¢).

A homomorphism ¢ : 7(X) — 2 can be viewed as an evaluation function of terms.
The value of a term s is uniquely obtained from the values ¢(x) for variables z in s.

Lemma

Let E be a set of equations on Term(X), and let =g be a relation on Term(X) defined by
s=gpt< EF s=t. Then, the following hold:

(1) =g is a congruence relation.

(2) For any homom. ¢ : T(X) = T(X), s=gt= &(s) =g ¢(t).

(3) For any homom. ¢ : T(X) — T(X)/=g, there exists a hom. ¢ : T(X) — T(X) s.t.

¢ =m=, 0.
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T(X)/=E is the free Mod(E)-algebra generated by n=,, (X).

Note. This lemma also holds for any invariant congruence =.
Proof.
Claim 1. T(X)/=g € Mod(FE)

® |t suffices to show that for any equation s =t in E and any homomorphism

¢:T(X) — T(X)/=E, we have ¢(s) = ¢(t).
Claim 2. T(X)/=g is a free algebra.

® For any A \— Eand ¢: X/=g— |Ql| by the corollary to the homomorphism theorem,
there exists ¢ : T(X)/=g— A s.t. ) = ¢ o m=,, which is a unique homomorphism
extending ¢ O
Proof of the completeness theorem: Let £ |= s =t. Since T(X)/=p € Mod(E), we
have 7(X)/=gkE s =t. Then for any homomorphism ¢ : T(X) — T (X)/=g, we have
@(s) = ¢(t). In particular, letting ¢ = 7=, we have s =g t. Hence, EF s =t.
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Birkhoff's variety theorem

Definition
If a set KC of L-algebras is said to be an equational class (or variety) if it is characterized

by a set E of equations, that is
K = Mod(E).

Theorem (Birkhoff’s variety theorem)

K is an equational class < K is closed under subalgebras, homomorphisms, and Cartesian
products.

Proof.
To show =

® |t is clear since an equation that holds in some algebraic structure also holds in its
subalgebras and homomorphic images.

® The equality that holds for each 2l; also holds for the Cartesian product [] 2.
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® et I be closed under subalgebras, homomorphisms, and Cartesian products.

® Let X be an infinite set of variables. We define the following set of equations in
Term(X) as follows:

E={s=t:forany A e K,AE=s=t}
® Qur aim is to show Mod(FE) = K.

® Mod(E) D K is obvious. Hence, we will prove the following by two steps.

Claim. Mod(E) C K.

The idea of the poof: For any 20 € Mod(E), it suffices to construct a homomorphism from
¢ € K onto .

Suppose 2 € Mod(FE). Take a set Y of variables and a surjection x : Y — |2(|. This can
be extended to an epimorphism (surjective homom.) x : T(Y) — 2.

By suitable replacement of variables, any equation in Y can be regarded as an equation in
X. Thus, it is plausible to consider 7(Y)/E as a desired algebra €.
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Now, we are going to construct € more rigorously so that we can see € € K.

For any 8 € K and any homomorphism ¢ : T(Y) — 9B, we define a congruence relation
~g4 on T(Y) such that s =4 t < ¢(s) = ¢(t).

By the homomorphism theorem, we have ¢(7(Y)) ~ T(Y)/ ~4. Since the left-hand side
is a subalgebra of B € K, by assumption we have 7(Y)/ =, € K.

Let D be the set of congruence relations on 7 (Y') expressed as =, for some
homomorphism ¢. Since K is closed under Cartesian products, we have

[[Tx)/ =~ ek

~eD

With a homom. 7~ : T(Y) — T(Y)/ = for each = € D, we can naturally define a homom.

b:T(Y) = [T T/ =),
~ED
Since T(Y')/ =y is isomorphic to a subalgebra of [[ . (7(Y)/ =), it also belongs to K.
Here, we have: s~y t < ¢(s) = ¥(t) < foreach = € D s = t < for all ¢ ¢(s) = ¢(t) &
foral Be K, BE=s=t < s=t¢c E (with suitable replacement of variables). Thus,
T(Y)/ my is a desired algebra €. O
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Introduction to
Boolean Algebra

Propositional
logic

Theorem

[ @ Introduction to Boolean Algebra
@® Propositional logic
© Theorem

O Homework
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Introduction to
Boolean Algebra

® |n the mid-19th century, British mathematician G. Boole attempted to clarify
Aristotle’s logic by treating logical relations algebraically.

® [n modern times, Boolean algebra is often subsumed under the more general concepts
of “order” and “lattice” and treated as equational theory.

Definition

® A binary relation < on a nonempty set X is called a (partial) order if it satisfies
reflection (z < z), antisymmetry (if z < y and y < x, then z = y), as well as
transitivity (if © <y and y < z, then z < 2).

e If an order (X, <) additionally satisfies comparability (z < y or y < ), then it is
called a total order or linear order.

Let (X, <) be a partial order. For a subset A C X, sup A denotes the supremum
(minimum upper bound) of A (if it exists). Similarly, inf A is the infimum (maximum lower
bound) of A. sup{a,b} and inf{a,b} are also denoted by a Vb and a A b, respectively.
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Introduction to
Boolean Algebra

Definition
Theory of lattices consists of the following eight equations. A model of lattice theory
(L,V,A) is called a lattice.

L1: zVa=z, zAhx=x [ldempotence]
L2: zVy=yVz, cAy=yAzx [Commutativity]
L3: zV(yVz)=(xVy Vz xAyAz)=(@Ay)Az [Associativity]
L4: (xVy)Ax=z, (tAy)Ve=1x [Absorption]

Conversely, for a given lattice (L, V, A), if a relation « < y is defined as follows

r<yezhy=z(czVy=y)

then it is a partial order on L. In this case, the lattice operations V, A are the same as sup
and inf regarding this partial order.

Note. We show x Ay = x & =V y = y. < can be derived by substituting y := x V y to
the left side and using lattice axioms L2 and L4. Similarly for =.
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Introduction to
Boolean Algebra

Now, Boolean algebra is defined as an equational theory as follows.

Definition
The theory of Boolean algebra (BA) is defined in language L5 = {V, A, —, 0,1} with the
following axioms.

@ All the lattice axioms and the following distributive law:
(xVyY)Az=(xA2)V(yAz), (@Ay)Vz=(xVz)A(yV:2).
®@xVo=z, zV(z)=1, aAl=z, zA(-z)=0.
A model of theory BA is called a Boolean algebra.

In the definition of Boolean algebra, (1) can be reduced to only L2 and distributive laws.
This is Problem 9.
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Lemma (Uniqueness of complement)
IfrVy=1andxANy=0, then y = —zx.

Proof. Assume =V y =1 and z Ay = 0. Apply the distributive law at =*) to obtain the
desired equation as follows.
y = yvo = yV(zA-z)=) (yva)A(yV-a)=(zVy) AyV-z)
= 1A(yV-z)=(zV-2)A@yV-z)=0) (zAy)V-z = 0V -z =z
O
® Remark. In the formal deduction system of equations, “a premise o implies a
conclusion §" means that if o holds with any substitution for all variables then ¢ also
holds with any substitution for all variables.
In contrast, the lemma should be interpreted as “for all z,y, if (xVy =1 and
x Ay =0, then y = —z)". To state it strictly, we need first-order logic for the
argument.

Lemma (Elimination of double negation)
—xr = XI.

Proof. Apply the above lemma to -z Vz =1 and -z Ax = 0. |
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Theorem (Duality theorem)

For an equation ¢ in Lg = {V,A,—,0, 1}, let ¢ denote the equation (dual equation)
obtained from ¢ by interchanging VV with A and 0 with 1. Then

BAF ¢ < BAF &.

Proof. The dual formula & for each axiom o of BA is also an axiom. Therefore, for a
proof tree of theorem ¢ in BA, if we replace all expressions in the tree with dual
expressions, we obtain a proof tree of . O

Problem 9

(Homework) In the definition of Boolean algebra, reduce (1) to only the commutative
law and distributive law, and then prove the ldempotent, absorption law, and associative
law.
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Theorem (De Morgan's laws)
In BA, =(zVy) = -2 A ~y, =(xAy)=—-xV -y holds.

Proof They can be deduced from the following equations together with the uniqueness of
the complement.

(xVy)V -zl Az Vy)V -yl
TV oz)Vyl Az Vv (y V)]
IVyY)A(zV1)=1A1=1.

(zVy)V(~rA-y) [
[(
(
(VY A(zA-y) = [zA(z Ay VIyA (A -y
[
(

(@ A=z) A=yl vV [2z A (y A )]
OA—y)V(-zA0)=0V0=0.

Therefore, ~(zVy) = -z A—y. Also, =(z Ay) = —a V —y follows from the duality theorem.
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Example 12

Introduction to
Boolean Algebra

Let X be any set and P(X) be the power set (all subsets) of X. Now, if Y= X —-Y
for Y C X, then the power set algebra PB(X) = (P(X),U,N,°, &, X) is a Boolean
algebra. In particular, when X is a singleton {a}, P(X) is a trivial Boolean algebra,
and isomorphic to 2 = ({0,1},V, A, 0,1).

Conversely, any finite Boolean algebra is isomorphic to a power set algebra, and more
generally the following theorem holds. (The proof will be given in part 3)

Theorem (Stone's representation theorem)

For any Boolean algebra B, there exists a set X, B can be embedded into the power set
algebra B3(X). Especially, if B is finite, it is isomorphic to B (X).
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Boolean Algebra

® By a Boolean expression ¢(z1,22,...,Z,), we denote a term of Lg with only
variables {z1,z2,..., 2}
® A Boolean expression ¢(z1, 22, ..., Z,) defines a function f, : {0,1}" — {0,1}. Such

functions are called Boolean functions.

® We want to show that any function f: {0,1}" — {0,1} can be expressed as f,, with
some Boolean expression . Moreover, if two Boolean expressions ¢ and v define the
same function f, = fy, then ¢ =1 is a theorem of BA. These can be obtained from
the normal form theorem for Boolean expressions.
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Boolean Algebra

Shannon'’s expansion (decomposition) theorem

Lemma (Shannon's theorem)
BA & p(z1,T2, ..., %n) < (0(0,22,...,20) A1) V (0(L, 22, . .., Tn) A1) L.

Proof.

® Given a Boolean expression, we use de Morgan's laws and double negation elimination
to push the negation symbols innermost so that each negation appears just before an
variable. A Boolean expression in such a form is called a negation normal form.

® So, we may assume that a Boolean expression ¢ is in the negation normal form.

® Now, we prove the assertion of the lemma by induction on the number m of operators
V and A included in ¢.

IThis was already proved by Boole, but it is known as “Shannon’s expansion (decomposition) theorem.”
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K. Tanaka  is a variable or the negation of a variable.
Introduction to ° If pisxy, (p(0) A—z1)V (p(1) Axy) = (0A—-x1) V(L ATy) = 27.

Boolean Algebra

® If pis 1, (p(0) A—x1)V (p(1)Az1) =(1A-z1) V(0AZ) = .
® If pis x; or —x;(i # 1), no matter what is assigned to z1, it is the same as ¢, so
(pA-z1)V(pAz1) =@ A (mx1 V1) = .

(i) In the case of m > 0.
Let ¢ be @1 V 2, and by induction hypothesis

@i = (pi(0) A ~z1) V (pi(1) Awr) (i =1,2).
Then,
e1Vpar = [(p1(0) A~x1) V (p1(1) Az1)] V [(92(0) A —x1) V (p2(1) A 21)]

(
= [(¢1(0) V 92(0)) A =z1] V [(¢1(1) V p2(1)) A 2]
= (p(0) A=z1) V (p(1) A1),

Similarly we can prove for ¢ = 1 A pa.
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Notation. 1 V @2 V-V ¢, is also written as \/,_; ;.
Furthermore, we set z* = z if b =1 and 2° = -z if b= 0.

Theorem (Disjunctive normal form)

For a Boolean expression o(x1, %2, ..., %),
b
BAF o(z1,22,...,2n) = \/ ap(bl,bg,...7bn)/\xl1’1/\x22/\--~/\x§’[‘
b1,...,bn=0,1

= \/ B Az A A
fo (b1, bn)=1

If there is no by, ..., by such that f,(bi,...,b,) =1, then we set the right-hand side = 0.

Proof By Shannon's theorem, we can prove this by induction on the number of
variables. OJ



Foupdation The rightmost expression in the last theorem is called the disjunctive normal form of ¢.

K. Tanaka In addition, if we rewrite = into the disjunctive normal form, then we can easily obtain a
et @ conjunctive normal form of o by de Morgan's laws and double negation elimination.
Boolean Algebra
Corollary
For any function f : {0,1}™ — {0, 1}, there exists a Boolean expression ¢ such that
f = fso-
Proof. Obvious from the theorem O
Corollary

If two Boolean expressions ¢ and v define the same function f, = fy, then BA F ¢ = 9.
Proof. In the theorem, both disjunctive normal forms are the same. O

Corollary

The number of equivalence classes of Boolean expressions of n variables is 22" .

Proof. The number of equivalence classes of a Boolean expression with n variable is
equal to the number of the function f : {0,1}" — {0, 1}, that is, 22". O
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Finally, we introduce Boolean rings, which are essentially equivalent to Boolean algebras.
Definition
The theory CR of commutative ring consists of the following axioms, in the language
‘CR = {+7 '7_707 1}
z+0=z, zt+y=y+z, z+y+z)=@C+y +z z+(-x)=0,
zel=wz, xey=yex, x+(yez)=(zey)ez, ze(y+2)=(z:y)+(z+2)
A model of the theory CR is called a commutative ring.

In BA and CR, we usually assume 0 # 1 as an axiom. But since we want to treat them as
an equational theory, we treat a structure where 0 = 1 as a special case.

~ Example 13
The structure of integers 3 = (Z,+, «,—,0,1) is a commutative ring.

- J
~ Example 14 ~
For a commutative ring 2, the set of polynomials with variables X, X5,..., X,, and

coefficients in A also becomes a commutative ring, denote A[X7, Xo, ..., X,].

\_ J
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Boolean Algebra Definition
The theory BR of Boolean rings is the theory CR plus the following axiom.

z? =1
A model of the theory BR is called a Boolean ring.
We first show that  + x = 0 holds in BR.
r+e=@+a)l =2+ 422+t =24+t

By subtracting 4+ x from both sides, we get x + x = 0. So, + in a Boolean ring has a
different property from + in a Boolean algebra. However, both are mutually translatable as
shown in the next theorem.
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Theorem (Stone theorem)

(1) For any Boolean algebra 8 = (B, V,A,—,0,1), we set
zty=@A))V((2)AY), zoy=zAYy, -T==2
Then, B° = (B, +, »,—,0,1) is a Boolean ring.
(2) For any Boolean ring R = (R, +, »,—,0,1), we set
zVy=xz+y+zey, zANy=x-y, =14z
and then R° = (R,V,A\,—,0,1) is a Boolean algebra.
(3) By (1) and (2), for a Boolean algebra B and a Boolean ring R,
B© — B,

R =R
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® |n this part, we will study propositional logic which treats the logical relationships
s between propositions in terms of
propositional connectives: — (not ---), A (and), V (or), — (implies),

® Propositions are constructed from atomic propositions by way of propositional
connectives. Atomic propositions are simply symbols that can take value either T
(meaning true) or F (meaning false).

® |et v be a function that assigns truth values T (True) or F (False) to atomic
propositions. Then, a truth value assignment V' (also called a truth value
function) for all propositions are uniquely defined as follows.
(1) for an atomic proposition ¢, V() = v(p).

V(mp) =T <% V(p) =F,

VigAy) =T <L V(p)=Tand V() =T,

Vip V) :Té‘/(tp) =Tor V() =T,

V(

o) =T <L V(p)=For V(y) =T.
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Propositional
logic

Definition
If a proposition ¢ is always true, i.e., V(¢) = T for any truth-value function V, then ¢ is
said to be valid or a tautology, written as | ¢.

® \We consider the structure of the tautologies.

® To this end, it is not necessary to deal with all four propositional symbols at once.
By setting p V¢ := —p — ¥, o Ab := =(p — =), we omit V and A.

The followings are tautologies.

PL o= (Y= ¢)

P2 (¢ w—=0)) = (6 > ¥) = (¢ —0))
P3. (= = —p) = (¢ = ¢)
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Theorem

Definition (Theorems)

The theorems of propositional logic are defined as follows.
(1) Axioms P1, P2, P3 are theorems.

(2) If ¢ and ¢ — ¢ are theorems, so is ¥. (detachment rule)

Detachment rule is also called modus ponens (MP for short) and cut.
We also define a “proof” as a process generating a theorem.

Definition (Proof)

A sequence of propositions g, @1, -+ , @, is called a proof of ¢, if it satisfies the
following conditions: For k < n,

(1) @ is one of axioms P1, P2, P3, or

(2) There exist 4,5 < k such that ¢; = ¢; — ¢ (MP).

Note that a “theorem” is the last component of a “proof”.
By ¢, we denote that ¢ is a theorem.
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The completeness theorem for propositional logic

Theorem

Fo < Fp.

From propositional logic to Boolean algebra.

® We eliminate the operation — in a proposition by ¢ — ¥ := —p V 1.
Then (prop. logic) F¢ & BAF ¢ =1.

Homework

Consider the relation between the completeness theorem for propositional logic and that
for Boolean algebra.
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Homework 1

Hw1-Problem 1
Construct a proof tree for G, - zz~! =e. ]

Homework

Solution:
Let s = zx~ !, and let P4 be the proof tree of ss = s given in Example 1.

The proof tree for (s71s)s = s71(ss), s = (s71s)s, s = s~ls are denoted as Ps, Ps, and
P7 in the following.

(xy)z = x(y2) =, (sub)
(s"'y)z=s""(yz) foub) EL=Z (sub) e=s"! (sym) s=s

D — (sub) es=s ésym — (comp)
(s71s)z = s71(s2) (sub) s=es es = (s"'s)s (trans)
(s71s)s = s71(s8) s=(s"1s)s
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Py Ps p
— (o1 “Toye — o1 _ _ 4
p— s=(s"1ts)s (s71s)s = s71(s9) sl — g1 55 =%
1 (trans) T 1 (comp)
s=s""(ss) sT(ss) = s~
p— (trans)
The desired proof tree is
P7 -
— — (sub)
s=s""'s =
= (trans)
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~ Hw2-Problem 1 ~
Let £ = {g1,g2,h}. We define the set of equations E as follows.

Homework E = {h(gl (x)’ gQ(x)) =z, g (h(l’,y)) =, gQ(h(‘ra y)) = y}

Let £ be Mod(E), the class of models of E. Show that all finitely generated free
K-algebras are isomorphic.

J

Solution:
® Consider the free Mod(FE)-algebra 7(X1)/E, T(X2)/E generated by the finite set
X1 = {ZC}, X2 = {56171‘2}.

® Since they are free Mod(FE)-algebra, we have a homomorphism
¢ :T(X1)/E — T(X2)/E, which is an extension of x — h(x1,23), and there exist
x1 — g1(z) and a homogeneous ¢ : T(X2)/E — T (X1)/E which is an extension of

Zo > ga(x).
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® Then,

Yo o(x) = Pp(h(z1,22)) = h((21), ¥ (22)) = h(g1(2), g2(2)) = x

® Therefore, ¥ o ¢ corresponds to the identity mapping from 7 (X;)/E to itself.

Homework

e Similarly, ¢ o is also an identity map, and ¢ = ¢! is isomorphic.

e All that remains is to extend this argument to the relationship between X; = {«} and
X, ={zx1,..., 2.}

® For example, when n = 3, the homomorphism that is an extension of
x +— h(h(z1,22),x3) is isomorphic.
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~ Recall: Boolean algebra ~

The theory of Boolean algebra (BA) is defined in language L5 = {V, A, —,0, 1} with
the following axioms.

Homework

(1) All the lattice axioms and the following distributive law:

(xVyhz=(xAN2)V(yAz), (@Ay)Vz=(@Vz)A(yV=2).
(2) xvo=2z, zV(-z)=1, zAl=z, zA(-x)=0.
A model of theory BA is called a Boolean algebra.
o J
s Hw2-Problem 2 ~N

In the definition of Boolean algebra, reduce (1) to only the commutative law and dis-
tributive law, and then prove the ldempotent, absorption law, and associative law.

- J
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T Homework 2
Solution:
Using only the commutative law and the distribution ratio, we show the following.

Idempotent: =z = zVvVOo=zV(xA-x)=(xVz)A(xV )
p— = (zVa)Al=zxVa.

Since the duality theorem holds, we have x = z A x.
Absorption law: (zVy)Az=(zVy)A(zV0)=zV(yA0)=zVO0=uz.
(x Ay) Va =z is due to the duality theorem.
Associative law: By the distributive law and the absorption law,
xV(yVvz) = [zV(yVz)]A(xV-x)
= [zVyVa)|AaVzV(yVz)]A-z
= zV[(yA-x)V(zA2)]
= [(aVvy)VzlAzV[(xVy) VA
= [(xVy)Vz]A(zV-x)
(xVyVz.
By duality theorem, z A (y A 2) = (z Ay) A z.



Thank you for your attention!
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